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Introduction
@000

The Linear Schrodinger Equation

Fix s >0 and n € N. Let f € H*(R"). Consider

iOru(x, t) + Agu(x,t) =0, (x,t) € R" xR,
u(x,0) = f(x), x € R™.

The solution is given by

u(x, t) = e (x) = / e E MR (€) d.

n
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The Linear Schrodinger Equation

Fix s >0 and n € N. Let f € H*(R"). Consider

iOru(x, t) + Agu(x,t) =0, (x,t) € R" xR,
u(x,0) = f(x), x € R™.

The solution is given by

u(x, t) = e (x) = / e E MR (€) d.

n

Pointwise Almost Everywhere Convergence Problem

lim e f(x) = f(x) a.e. x € R" (1)

t—0

for all £ € HS(R")?
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Introduction
[e] Tele}

Dimension n =1

e™Af(x)

Theorem (Carleson, 1980)

If f € HS(R) with s > 1, then

lim e f(x) = f(x) a.e. x € R.
t—0

The range is sharp (Dahlberg—Kenig, 1982).
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Introduction
[e]e] e}

Higher Dimensions: First Developments

Theorem (Sjdlin, 1987; Vega, 1988)

Forn>2, s> i implies a.e. convergence (1).

Theorem (Bourgain, 1991)

Let n=2. There exists o < % such that, for any s > o, (1) holds.

Theorem (Moyua, Vargas, Vega (1996))

Let n=2. There exists 0 < 4 such that, for any s > o, (1) holds.
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Let n=2. There exists o < % such that, for any s > o, (1) holds.

Theorem (Moyua, Vargas, Vega (1996))

Let n=2. There exists 0 < 4 such that, for any s > o, (1) holds.

Theorem (S.Lee, 2006)

Forn=2,s> % implies convergence (1).
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Higher Dimensions: Final Threshold

Theorem (Bourgain, 2016)

Forn>2,ifs < a.e. convergence (1) fails.

2(n+1)
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Higher Dimensions: Final Threshold

Theorem (Bourgain, 2016)

Forn>2,ifs < a.e. convergence (1) fails.

2(n+1)

.

Theorem (Du—Guth-Li (2017))
Forn=2, ifs > %, then (1) holds.

A

Theorem (Du-Zhang (2019))
Givenn> 2, ifs > 2(n—,—7i-1) then (1) holds.

A

6/25



Introduction

[e]e]e] ]

Higher Dimensions: Final Threshold

Theorem (Bourgain, 2016)

Forn>2, ifs< a.e. convergence (1) fails.

2(n+1)

.

Theorem (Du—Guth-Li (2017))
Forn=2, ifs > % then (1) holds.

A

Theorem (Du-Zhang (2019))
Given n > 2, ifs > 2(n7’jr1) then (1) holds.

V

Thus, the sharp threshold for a.e. convergence to the initial datum
is

s(n) = m

Convergence at this endpoint remains an open question.
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Tangential Problem
@00

Tangential problem

Fix 0 <« <1and C > 0. Consider curves v : [0,1] — R" that
satisfy v(0) = 0 and, for arbitrary t,t' € R,

[y (t) = ()] < Clt =]

Denote by I'¢: the family containing such curves 7.
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Tangential Problem
@00

Tangential problem

Fix 0 <« <1and C > 0. Consider curves v : [0,1] — R" that
satisfy v(0) = 0 and, for arbitrary t,t' € R,

[y (t) = ()] < Clt =]

Denote by I'¢: the family containing such curves 7.

e F(x + (1))

t 4

We may assume C = 1.
7/25



Tangential Problem
(o] le}

Developments: n =1

Tangential convergence problem:

Does .
tling) etBf(x +(t)) = f(x) ae x€R" (2)
—>

hold for all v € ' and all f € H*(R")?

The problem was solved in dimension n =1 up to the endpoint.
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Tangential Problem
(o] le}

Developments: n =1

Tangential convergence problem:

Does '
tling) etBf(x +(t)) = f(x) ae x€R" (2)
—>

hold for all v € ' and all f € H*(R")?

The problem was solved in dimension n =1 up to the endpoint.

Theorem (Cho, Lee, Vargas (2012))
Letn=1,0<a<1ands > max{% —a, %} . Then (2) holds.

@ They also show that s > max {% - a, %} is necessary.

@ Ding and Niu proved in 2017 that, if % <a<lands>1

then (2), holds.

£l
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Tangential Problem
Developments: n > 2

Problem:

Does _
tlin"(l) e f(x + (1)) = f(x) a.e. xER" (2)
—

hold for all v € I'{* and all f € H*(R")?

Theorem (Li, Wang (2021))

Fixn=2and 5 <a <1 Lets> 3. Iff € H(R?), then (2)
holds.
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Problem:

Does _
tlin"cl) e f(x + (1)) = f(x) a.e. xER" (2)
—

hold for all v € I'{* and all f € H*(R")?

Theorem (Li, Wang (2021))

Fixn=2and 5 <a <1 Lets> 3. Iff € H(R?), then (2)
holds.

\,

Theorem (Cao, Miao (2023); M. (2024))

Fixn>2and 3 <a<1. Lets> 2(n7’jr1) If f € H*(R"), then (2)
holds.

A
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Tangential Problem
Developments: n > 2

Problem:

Does _
tlin"cl) e f(x + (1)) = f(x) a.e. xER" (2)
—

hold for all v € I'{* and all f € H*(R")?

Theorem (Li, Wang (2021))

Fixn=2and 5 <a <1 Lets> 3. Iff € H(R?), then (2)
holds.

\,

Theorem (Cao, Miao (2023); M. (2024))

Fixn>2and 3 <a<1. Lets> 2(n7’jr1) If f € H*(R"), then (2)
holds.

A

What about o < %?
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Main estimate at o < 1/
[ leJele]e]

Main Result

Consider the model curve
1

yo(t) = (£, ..., t%), 0<a=ming; < 5
J

Theorem (M-Soria—Vargas, 2026)

so(n, &) = max -2 i
RN 2 '2n+1)f°

Then for every s > so(n, av),

lim e™2f(x + (1)) = f(x) ae xe€R", (3)

t—0

for all f € H*(R").

The condition is sharp up to the endpoint.
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Main estimate at a« < 1/2
(o] Jelele]

The associated maximal estimate

Convergence (3) is a consequence of the following.

Let n>1. Fix0 < a < 1. Foranye > 0, there exists a positive
constant C. such that,

sup
0<t<1

eitAf(X—F’yo(t))‘

< C5||f”H50("7a)+€(Rn), (4)
2(By(0))

holds for all f € H%(me)+e(RM),
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Main estimate at o < 1/
[e]e] le]e]

Reductions

By Littlewood-Paley decomposition, the previous maximal estimate
follows from proving

sup < C.Ro(M)F||£]|,,

0<t<«1

e F (x +0(t))|

2(Bp(0))

for all £ with supp f C {€ € R": [¢] ~ R} and all R >> 1.

By Parabolic rescaling, x — X—Ri, t— ,g—; the above is equivalent to

< CERso(n,oz)—&-stHz’
12(83(0)

sup

2up ¢ (xR (72) )|

for all f with supp ¥ C {¢ € R" : |¢| ~ 1}.
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Main estimate at o < 1/
00080

Reductions I

Last reduction

< C8R72<n11>+5||f||2,
L2(B(0))

sup
0<t<R?

By the Time Localization Lemma, we only need to prove the below.
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Main estimate at o < 1/
00080

Reductions I

Last reduction

< CERW"H)*EH,CHL

sup
0<t<R?

L2(B3(0))

By the Time Localization Lemma, we only need to prove the below.

Let n>1and 0 < a < 1. Forany e > 0, there exists a constant
C: such that, for all R >> 1,

< CERSO(n’a)+€"f"2~
12(Bp(0))

sup

; t
2 <X + Rvo (—2>
0<t<R

R

holds for all f with supp f C A(1) = {€ € R" : [¢| ~ 1},

13/25



Main estimate at o < 1/
0000e

Reduced Maximal Estimate

As we have seen, the main theorem follows from the following.

Key Maximal Estimate
For all € > OAthere exists C. > 0 such that, for all R >> 1, and all
f with supp f C BJ(0),

< CeRSO(n’a)+E||f||2,

IET R CRRIO)]|

0<t<R

t
R?

where 8(t) = R ( ) = (R-2a1pen  R1-2anpan).

We split the supremum into t € (0,1) (small times) and t € (1, R)
(large times).

14/25



Proof
000000000

itA f

Small Times: Local Constancy of e

Local Constancy Property
Suppose supp f C B{(0). Let [x —y| <1land |t —s| < 1. Then

’eitAf(x)‘ ~

A f(y)|

Therefore

sup eitAf(X—FH(t) < max //
0<t<1 keN (8 Bi(x+k)

where N (0) is the set of integer points in the 1-neighborhood of

([0, 1]).

1/2
e D f( )‘ dyds) ,
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Proof
0e0000000

Small Times: Geometric Length of the Curve

Key computation. Recall 0(t) = (R17201¢1 . RI=2antan),

Its derivative satisfies, with o = min; o,

‘9/(1__)‘ ~ R172a tafl'

16 /25



Proof
0e0000000

Small Times: Geometric Length of the Curve

Key computation. Recall 0(t) = (R17201¢1 . RI=2antan),

Its derivative satisfies, with o = min; o,
‘9/(1__)‘ ~ R172a tafl'
Therefore,

1
length(A[0,1]) = / 0'(t)| dt ~, RY2°.
0

We conclude that
#N(0) < RV,

16 /25



Proof
[e]e] lelelele]ele)

Small Times: Conclusion

Squaring and integrating over x € Bg(0), and using local

constancy,
, 2
sup |e®AF(x + G(t))‘
0<t<1 L2(Bg(0))

eSAF( )] dy ds dx.

/B;R(O /(EN(G)/ /B;1 X+k
//|elsAf ,2(2/ XBy(et k) (Y )dx>dyds

keN(0)

=cCp
1

~ 4N () / €52 f|3ds
0

<RV2|3

17/25



Proof
[e]e]e] lelelelele)

Large Times: The Set X,

For each j € Z" N BR(0), pick t; € [1, R] such that

sup |eAF(j +6(t))] <2
1<t<R

A+ (1))

Let Q; be the unit lattice cube containing (j + 0(t;), t;).
Define X = J;<g @;-

18/25



Proof
[e]e]e] lelelelele)

Large Times: The Set X,

For each j € Z" N BR(0), pick t; € [1, R] such that

sup |eAF(j +6(t))] <2
1I<t<R

eBAF(j + e(tj))( .

Let Q; be the unit lattice cube containing (j + 0(t;), t;).
Define X = J;<g @;-

Decompose X by dyadic time scale \ € [1, R] and dyadic
multiplicity n > 1.

Xy = U{Qj € [N2)], #{y € BRO)NZ": Q, = Q;} ~n}.

One can prove . < max{1, R1=2@)\a~11

18/25



Large Times: The Set X,

Proof
[e]e]e]e] Telelele)

2\

Xoam = U Q
tE[X,2)] (1 +6(t), 1)
#y:Q=Qi}~n
Qj4 n=1
Q,=Q n=2
le n=1
J o s s

x e R"

19/25



Proof
[e]e]e]ele] lelele)

Large Times: The Du—Zhang Estimate

Du—Zhang (Ann. of Math., 2019)

For X C By™(0) a union of unit cubes. Define a density

#{Qc C X: QuC B (2)}

px = max

Br+i(z)C By (0) rf
zeR™M r>1
then .
itA T
e"=f < C A\2(r+T) fll, .
4] oy < €% Il

)
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Proof
000000800

Large Times: Density Factor and Its Bound

The method relies on measuring a density of unit cubes defined as

_ #{QkCX: QkCB,”H(Z)}
ox = max )

n
B;7+1(Z)CBE+1(O) r
z€RML r>1

21/25
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Large Times: Density Factor and Its Bound

The method relies on measuring a density of unit cubes defined as

# {Qk CX:QC B,”“(z)}

px = max
BﬂJrl(Z)CBEJrl(O) rn
z€RML r>1
BrH(2)
X
rh
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Proof
000000800

Large Times: Density Factor and Its Bound

The method relies on measuring a density of unit cubes defined as

#{QC X: Quc B (2)}

px = max
Berl(Z)CBEJrl(O) rn
z€RML r>1
n+1
B ()

X
DXy < 17_1 max{l, R1_2")\0‘_1}

This lemma is proven looking at
the length of 6]\, 2] and
exploiting the multiplicity 7.

21/25



Proof
000000080

Large Times: The Rogers Estimate

For each lattice cube center k € AZ", the above gives

1
itA L 0\ sate
eltAF < Cn2 it AT ||F
(X n(BI(k)x02X]) — o P X 71l

<Cnz (P max{1, R120 )\ 1) s A0 T2 || £||, < C.R®(M)Fe||f||,

n?

The last step is proven via the bound < max{1, R172@)\o"1}
and an optimization in both X and «.

Rogers (Adv. Math., 2008)

A (2,2)-strong estimate over By (k) x [0, A] uniform over all
k € AZ", implies an estimate over R” x [0, A] with a A loss.

By the above,

1
< C.Ry 2 RO Fe|
20, ) < CR 1112

eltAf

22/25



Proof
00000000e

Large Times: Conclusion

By local constancy,

2
sup ‘e’mf(x—i-@(t))’ S Z sup |e"AF(j +60(t))?
1<t<R [2(Bg(0)) \'|<R1<t<R
PRI SEH S W
|J|§R A,n

Applying the estimate He’meB(XA = C.Ren~12R= () |If||,,
sM

<D GRS £ < CRA0( 3 £ 3
A
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Summary
[ o)

Summary and Remarks

For the model curve yo(t) = (t*1,...,t%) with v = min; o < 3,
the critical Sobolev exponent for a.e. convergence is

{ 1 -2« n }
so(n, &) = max .

Remarks:

o Asa N % the threshold sp(n, o) —
result of Cao—Miao (2023).

recovering the

2(n+1)’

@ As a \, 0 the curve becomes more and more tangential and
the required regularity increases towards s = 1

3
@ The proof combines: (1) stability of e, (2) the Du-Zhang
L? estimate, and (3) a geometric density analysis of the curve.
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Plan for the talk

@ C(lassical and weighted Poincaré-Sobolev inequalities.
@ Generalized Poincaré inequalities and self-improvement.
© The new A, self-improving theorem.

@ Applications and extensions.

A. Claros (BCAM-UPV/EHU) EARCO 2026



Introduction and motivation




Poincaré inequalities

Theorem ((1,1) Poincaré inequality)

There exists a dimensional constant c,, > 0 such that, for every cube @ C R™ and
every f € WH1(Q),

1 1
i /Q @) = fol do < @) 7 /Q V()] de,

where fg = ﬁ Jo fW)dy.

@ Subrepresentation formula:
1f(@) = fol < ecni(IVfIxQ)(x),  z€Q.

where I,g(z) = / 9w dy

re T —y[nm

A. Claros (BCAM-UPV/EHU) EARCO 2026




Poincaré inequalities

The (1,1) Poincaré inequality implies:
e (1,p) Poincaré inequality: for 1 < p < oo,

1 1 »
_ _ < . p
a1 L1 tal ds 5@ (15 [ 19s7 as)”

e (p,p) Poincaré inequality: for 1 < p < oo,

X . . .
. _ p < - P
<|Q|/Qf fal dm) J(Q)('Q/Qw,ﬂ dx) .

@ Poincaré-Sobolev inequality: for 1 < p < n,

1

1 oo\ 1 v 11 1
- dr) <0Q) (= P R

A. Claros (BCAM-UPV/EHU)



Motivation: Elliptic operators

0? 0? 0? )

Elliptic operators:

L

Lu = div(A(z) - Vu) =0,

where A(x) is a n X n matrix such that
clgf® < A()g - € < Clef*,

Goal: To prove local Hoélder continuity of the solutions of the equation.
e Di Giorgi (1957), Nash (1957).
@ Moser (1960) (Moser iteration method)

e (2,2) Poincaré inquality.
e Poincaré-Sobolev inequality.

L
¥

(5 / @)= fal ) <@ (i / IVf(w)Izdw);-

A. Claros (BCAM-UPV/EHU) EARCO 2026



Motivation: Degenerate elliptic operators

Lu =div(A(z) - Vu) =0,

cl¢fPw(z) < A(@)€ - € < Cl¢fPw(z)
where w is a weight.
Goal: To prove local Holder continuity of the solutions of the equation.

Moser iteration method: Fabes, Kenig, Serapioni (1982).
Let w € A,

@ (2,2) Poincaré inequality

(111(1@ /Q |ff<,22m)é < e, Q) (ij) /Q Iszwdwf-

@ Poincaré-Sobolev inequality, for some 2 > 2:

1

<w(1Q)/Qf_fQ|2:vwdx>% < Cl(Q) (@/QWwadx)a_

A. Claros (BCAM-UPV/EHU)
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Generalized Poincaré inequalities




Self-improving of Poincaré-type inequalities

Generalized Poincaré inequality

1
@/Czlf(x)—fczldwﬁa(@), Qco.

Here Q denotes the family of all cubes and
a:Q— (0,00)

is a functional on cubes. The problem becomes:

Self-improvement problem

Which geometric conditions on a imply a self-improvement of the LHS with
respect to a measure w(x) dx?

This point of view goes back to Franchi, Pérez and Wheeden 1998.

A. Claros (BCAM-UPV/EHU) EARCO 2026



The model example

Let w € A,. From the (1,1) Poincaré inequality and the A, condition,

1 1
o /Q @) = falde < Q)7 /Q IV f ()| da

<ealul} 4@ (15 [ s dx)%
= ar(Q).

More generally, we keep in mind functionals of the form

a(@) = ¢Q)° (f;((g))); ,

where p is a locally finite measure and o, p > 0. The previous example
corresponds to a = 1 and dp = |V f|Pw dz.

A. Claros (BCAM-UPV/EHU)

EARCO 2026



Self-improving of Poincaré-type inequalities

We say that a € D, (w) if, for every cube @) and every pairwise disjoint family
{@i}; c@,
> al@)w(@Q;) < C7 a(Q)Pw(Q).

J

@ This condition was introduced by Franchi, Pérez and Wheeden in the setting
of spaces of homogeneous type.

© The best constant is denoted by [|al| 5 (). and [lallp () > 1.
1
— a [ #(Q) P
o Fora(Q) = ((Q)" (43)".

> a(Q))Pw(Qy) Zz (@) (Q5) < UQ)*u(Q) = a(Q)*w(Q).

J

Hence a € Dp(w) with constant |[al|, ) =1.

A. Claros (BCAM-UPV/EHU) EARCO 2026



Self-improving of Poincaré-type inequalities with D,(w)

Franchi, Pérez and Wheeden proved this self-improvement in the general setting of
spaces of homogeneous type, with exponential dependence on the A, constant.

In the Euclidean setting with cubes, Canto and Pérez later improved this to linear
dependence on [w]4__.

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let w € A and let a € Dy(w). Let f € L} . be such that

loc

1
o [ 1) = foldo < a(@)
QI Jq
for every cube Q. Then, for every cube @Q,

15 = fallom @yt ) S Pl ol ) 2(@):

A. Claros (BCAM-UPV/EHU) EARCO 2026



Self-improving of Poincaré-type inequalities

Pérez and Rela introduced a stronger condition that preserves smallness.

Definition

We say that a € SD,(w) if, for every pairwise disjoint family {Q;}; C Q,

3 al(@)Pw(@y) < kg (HT?') 0@ u(Q).

J

The same model example functional satisfies this stronger property. For every
pairwise disjoint family {Q;}; C @,

J

S alQ)ru(@) = @) u@) < (swioil) T Y u@y)

<|U; Q17 n(Q) = <%> o a(Q)Pw(Q).

Hence a € SD/(w) with constant lallgpr/e gy = 1-
p

A. Claros (BCAM-UPV/EHU) EARCO 2026



Self-improving of Poincaré-type inequalities with SD;

D

Pérez and Rela proved the following self-improving result assuming w € A.

Later, Lerner, Lorist and Ombrosi showed that the same conclusion is valid for
arbitrary weights.

Theorem (Pérez, Rela 19; Lerner, Lorist, Ombrosi 22)

Let a € SDi(w) and let f € Ly, be such that

loc

1
ol /Q (@) - faldz < a(Q)

for every cube Q. Then, for every cube Q,

1 :
(m /Q IF = fafw dm) S (14 9) lalls paguy (Q)-

A. Claros (BCAM-UPV/EHU) EARCO 2026



A natural question

For the SD, (w) condition, the A, assumption can be removed.
One may ask whether the same thing happens for the weaker D,(w) condition.

Does the D, (w) self-improving theorem remain true for arbitrary weights?

Question J

The answer is negative. The key example is the constant functional
a(Q) = || fllgmo € Dp(w) for every p and every weight w

If the D, (w)—theorem were valid for arbitrary weights, we would obtain

Ifllmo,,.. S IfllBuo -

But, by the characterization of Ombrosi, Pérez, Rela and Rivera-Rios (2020), the
embedding
BMO — BMOy, 4

holds if and only if w € A,,. Moreover, we show that the linear dependence
[w]a,, is sharp.
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From Generalized Poincaré to Poincaré—Sobolev

Inequalities

The SD,(w) theorem is valid for arbitrary weights:
a€ SD,(w) == LP(w)-self-improvement.
In this work, we show that if the weight satisfies an additional condition such as

w € A,, then one can go beyond LP(w) and obtain a generalized
Poincaré-Sobolev improvement.
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Main result




Main theorem

Theorem (C., Pérez, Zheng)

Let1 <p,r,s < oo, let w e A,, and assume

1
ol /Q (@) - foldz < a(Q)

for every cube Q. If a € SD;(w) and p < rs, then for every cube Q,

1
1F = foll i i) < eupslwlan [l llall a(@),
where
1 1
P prs TS

@ This is a generalized Poincaré-Sobolev inequality. The parameter s plays the
role of the dimension.

@ The proof is based on a good-lambda argument.
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For the model functional

(@ = elul}, 4@ (15 [ s dx)% € SD1(w).

Thus the parameter s in the abstract theorem behaves as a dimension. Therefore
the previous result gives

1 ) >
i) 19 (g [ 1vsrw )"

1 1

I1F = fall i
where the exponent is

1

P DPrn, O

This exponent is sharp for the whole class A,.. Indeed, in the range 1 < r < p, we

can prove that the corresponding estimate cannot hold for all w € A, with L%
on the left-hand side for any ¢ > py ..
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Main theorem

In the critical and supercritical range p > rs, we obtain exponential integrability.

Theorem (C., Pérez, Zheng)

Let1l <p,r,s < oo, let we A,, and assume

1
ol /Q (@) - foldz < a(Q)

for every cube Q. If a € SD;(w) and p > rs, then for every cube Q,

1
1 = Falloxp . ) < Cnplila Wl llall a(Q):

Idea of the proof: For every g > p, by using the previous case we can prove

1
If - lequ,oc(Qg(rci?m)) S qw]a [w]fxr all a(Q).

If [|g]] a.00 < vg for every g > py, then g € exp L and ||g||eXpL < po7y.
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Applications



Application 1: weighted Poincaré-Sobolev inequalities

Starting from

1 1 1 3
o1 1S~ Jaldr < culu, 1@ (510 / vipwds)

we apply the theorem with

(@) = 4@ (5755 [ 1917w da:)% € SDp(w).

IwaAT,1§r§p<nr,and%—i— L

~— — — then
pr nr

1f = foll s o

i) = nbr
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Application 1: weighted Poincaré-Sobolev inequalities

The truncation method upgrades the weak estimate to the Lorentz norm:

1
w(rézac)) < Cnp: [w]Aoo [w]f{

4@ (g /Q prwdx)%.

@ The second Lorentz index p is optimal.

If - fQHLP:,P(Q,

@ In the unweighted case this is sharp even among rearrangement-invariant
target spaces.

o Critical /supercritical case p > nr: exponential endpoint

Q) (ﬁ /Q 1 fPw dx); .

@ The same works for pairs of weights (u,v) € A,.

LT

1 = Sallop 205y S [0l ful} fw]

dx
(Q) P

A. Claros (BCAM-UPV/EHU)
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Application 2: fractional Poincaré-Sobolev inequalities

We start from the weighted BBM-type Poincaré inequality of
Myyryldinen—Pérez—Weigt (2024): for w € A, and 0 <6 < 1,

1
@/Qf—fmdma(@),

(@ = eoful}, 1= (575 [ [ T2 LB dyuieyar)

We can prove that this functional satisfies a € SDg/é(w). By the self-improving

result, we obtain

)
— - < px nr
17 = Jall (g s ) S Porltlan (0] 0(Q).

where
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Application 2: fractional Poincaré-Sobolev inequalities

Using the truncation method (Dyda, Lehrback, Vihikangas 2023), we can
improve the left-hand side to L”s.~P and we obtain

P

* 5 = 1
- Ps,pl wdz ) = EnPsr oo A Ap T
15 = Sl s g ) < ol ol a1 - 9

o [ @ =P
K(Q) (’LU(Q)/Q 0 |x_y|n+6p dy ()d> .

@ We obtain a weighted fractional Poincaré-Sobolev inequality while preserving
1
the BBM factor (1 —4)»

@ In the unweighted case, the Lorentz refinement LP5? is optimal among
rearrangement-invariant spaces.

@ The same works for pairs of weights (u,v) € A,.
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Application 3: Lorentz norm of the gradient

Assume that w € A, with 1 <r <p. Then w € A, C A, = Ay - where A, .
denotes the Chung—Hunt—Kurtz class adapted to Lorentz norms.
Thus we can start with a smaller norm of the gradient

1 1
ol /Q £~ folde < cutlQ) gy /Q Vf ()] da

S C”[w]z E(Q) ||vf||Lp7P>; (Q’;;u(_{(i;)) .

PPy

Applying the self-improving result, we obtain

e
[l

s

1
”f - fQHLi’ivoo wdz) < Cnp:[w]Aoo[w]z
(@)

PPy

: K(Q) vaHme; (Q, wde ) .

w(Q)

@ The truncation method is not available
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Further extensions

o Higher-order oscillations: replace fg by P’ f, where P('f is the projection
of f onto the space of polynomials of degree at most m. This leads to
Poincaré-Sobolev inequalities involving higher-order derivatives.

o Vector-valued functions: f:R"™ — /,, oscillation measured in the £;,-norm.

@ Rectangles: cubes replaced by rectangles with axis-parallel sides; new
SD; »(w) condition adapted to rectangles.
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Muchas gracias!
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Motivation: DNA

A mass on a physical system can diffuse essentially in two ways:
through-bond (slide) and through-space (jump).

obstacle
a) DNA
DNA-binding
protein
.
¥

sliding jumping

g T
» - - -0-0 ) 00 CU o @ 0" 0-0-0
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Motivation: DNA

A mass on a physical system can diffuse essentially in two ways:
through-bond (slide) and through-space (jump).

obstacle

a) DNA
DNA-binding

Protein’ y { otu + Lu = 0,

3

U(O) = e,

sliding jumping

g T
» - - -0-0 ) 00 CU o @ 0" 0-0-0

Jaime Arto, Ernesto Estrada Diffusion on graphs with obstacles May 28, 2026



Motivation: DNA

A mass on a physical system can diffuse essentially in two ways:
through-bond (slide) and through-space (jump).

obstacle

a) DNA
DNA-binding

ProteinS’ Ou+ Lu =0,
d U(O) = ey,

sliding jumping

Y
» O‘_OO(/BQ’O"'O—O—O ) CCC\’CQO'"O—O—O

with a diffusive operator £ on the finite path graph Pp. The obstacle can
be represented by a self-loop of large weight w at some vertex (obtaining

the graph Py(w)).

w>1
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Local and nonlocal operators

N
n=1-

e L =L, standard Laplacian If u = (up)

(Lu), = —up—1 + 2us — up—1, (with boundary modifications),
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Local and nonlocal operators

o L =L, standard Laplacian If u = (u,)"_,,

(Lu), = —up—1 + 2us — up—1, (with boundary modifications),

o L= Zs, Mellin-transformed d-path Laplacian. If for any
d=1,..., N —1 we define the d-path Laplacian

(Lgu), = —up—g + 2up — Uptq (With boundary modifications),

we take

Lsu = Ly, s>1.

~ 1
‘g

ﬁMZ
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Local and nonlocal operators

o L =L, standard Laplacian If u = (u,)"_,,

(Lu), = —up—1 + 2us — up—1, (with boundary modifications),

o L= Zs, Mellin-transformed d-path Laplacian. If for any
d=1,..., N —1 we define the d-path Laplacian

(Lgu), = —up—g + 2up — Uptq (With boundary modifications),

we take

Lsu = Ly, s>1.

~ 1
‘g

QMZ

e L = L%, fractional Laplacian (a € (0,1)). If L= UAUT with
A = diag (A1, ..., An), we define

LY = UNUT, A*=diag(A\f,...,)})
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Numerical results

Concentration at node 4 (log10 scale)

0 05 1 15 2 25 3 35 4
Shielding strength (log10 scale)
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Numerical results

o o
1P 000y
15
2 *
8 *x
3 o
o o
g g
=25 %
< 5
o
8
S 3
T
§-35
]
g 4
8
g
3
© 45 &— Mellin
Fractional
Local
5
55
[ 05 1 15 2 25 3 35 4

Shielding strength (log10 scale)

The objective of the talk is to analyze the asymptotic behavior of each one
of the operators L, L* and Ly s on the preturbed graph Py(w) as w — oc.
We generally assume that N is an odd natural number, and that the
self-loop is located in the node NH
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Local difussion: standard Laplacian

L=D— A, D = degree matrix, A = adjacency matrix J

We focus on the standard Laplacian. The usual definition on Py(w) is

L(w) =L+ wenel.;.
2 2
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Local difussion: standard Laplacian

L=D— A, D = degree matrix, A = adjacency matrix J

We focus on the standard Laplacian. The usual definition on Py(w) is

L(w) =L+ wenel.;.
2 2

Why? If w € N, we are “artificially” increasing the degree of the vertex
%, while the adjacency matrix remain the same.
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Local difussion: standard Laplacian

L=D— A, D = degree matrix, A = adjacency matrix

We focus on the standard Laplacian. The usual definition on Py(w) is

L(w) =L+ wenel.;.
2 2

Why? If w € N, we are “artificially” increasing the degree of the vertex
%, while the adjacency matrix remain the same.

A€o (L[I:%D, then \ € o (L) N o (L(w))

A1 < Ao < --+ < An-a are the invariant eigenvalues.
2
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The other eigenvalues

If A ¢ o(L), the matrix determinant lemma for rank-one perturbations
guarantees that

det(L(w) — \) = det (L — A+ wensrel., )

2

= det(L — \) (1—|—w((L N7 e i)

)

2
det <L[1 N+1]— )
=det(L—N\) (14w det(l =)
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The other eigenvalues

If A ¢ o(L), the matrix determinant lemma for rank-one perturbations
guarantees that

det(L(w) — \) = det (L — A+ wensrel., )

2

= det(L — \) (1—|—w((L N7 e i)

)

2
det <L[1 N+1]— )
=det(L—N\) (14w det(l =)

Therefore, A € o(L(w)) if and only if
det(L — \)

O ety )

= —Ww.
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The other eigenvalues

Since g(\) has simple poles at every )\,-, i=1,...,%1 by Bolzano's
theorem there exist )\I(-w), i=1,. T such that ( ) = 0 with

Ai < Afi)l < Ajg1-
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The other eigenvalues

Since g(\) has simple poles at every )\,- i=1,...,%1 by Bolzano's

theorem there exist )\,(-w), i=1,. T such that ( ) = 0 with

A < Afi)l < Ai-i—l-
Moreover, it is easy to see that there exist other eigenvalues )\gw) € (0, A1)

and A% € [w,w + 4] (by Gerschgorin’s disk theorem). We may then order
the eigenvalues of L(w) as

AD <A < < <) <A < 2@

2 2
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The other eigenvalues

Since g(\) has simple poles at every )\,- i=1,...,%1 by Bolzano's

theorem there exist )\,(-w), i=1,. T such that ( ) = 0 with

A < Afi)l < Ai-i—l-
Moreover, it is easy to see that there exist other eigenvalues )\gw) € (0, A1)

and A% € [w,w + 4] (by Gerschgorin’s disk theorem). We may then order
the eigenvalues of L(w) as

AD <A < < <) <A < 2@

2 2

Proposition

For every j =1,. Tl one has that

)\J(.w) — Aj, w— 00,

and \¥@) — oo,
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Behavior of eigenvectors

A bisymmetric matrix of odd dimension N has ML symmetric
eignevectors and % antisymmetric e|genvectors

o IfL N1V = Ajvj, then the (normalized) eigenvector of L(w)
associated with A; is
vj
W; = 0
—RVJ'
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Behavior of eigenvectors

A bisymmetric matnx of odd dimension N has N+1 symmetric J

eignevectors and = L antisymmetric elgenvectors

o IfL N1V = Ajvj, then the (normalized) eigenvector of L(w)
associated with A; is
vj
W; = 0
—RVJ'
(@)

o Therefore, the (normalized) eigenvectors of L(w) associated with A}

and \@) are

u! u(@)
w = || we = [
P ®) Ru(®)
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Behavior of eigenvectors

(@)

We have that lim,_, aj = 0 and the componentwise limit
lim u(.w) =v;.
w—oo J J

Sketch of the proof.
It can be easily seen that

T = — — wyort
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Behavior of eigenvectors

We have that lim,_, aJ(-w) = 0 and the componentwise limit
(w)

lim uy”’ =v;.
w—oo 4 J

Sketch of the proof.

It can be easily seen that

w (47)

a 2

N
)\j —2—w

Furthermore, one can check that

— 0, w— oo.

@) W) — SWg
(L[l:%]_)‘j )uj —aj e%ﬁﬂ%, w — 00,

and hence limy,_ oo uj(.w) =v; []

T = — — wyort
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Asymptotic behavior of the solution

Take i€ (M, N] and t > 0. If L = L(w), then
lim (u(“’)(t)> =0.

w—00 i

u(w) t — eftLl(w)el

(4), = (),

N-1

=3 () o (o) )

= 1

w T
sy >> +<W(w)(w(w) e1> S

1

1

=3 (- e (1), (), )

j=1

w(®@) (W(w)) T> e,

il

N
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Asymptotic behavior of the solution

Since w(*) is bounded (normalized), )\J(-w) — \j and A®) — 0o, we have
that

N—-1

MN\

(u(w)(

(e

< (V) n—igr (V) e (uJ(W))N—i+1 (UJ(W))le_tA§W)>
N—1

T) ot
2

> (= W nn (99)y €7 (W) yq (9)y ) =0

j=1

J

ﬂ‘
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Numerical experiments

concentration
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Non-local difussion: Mellin transform

For d > 1 one has Ld(w) =Ly (Lg =Dy — Ag), so
N-1

1
LMS Z ds rE —Ly —|—we1e1 = LMS —i—welelT
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Non-local difussion: Mellin transform

For d > 1 one has Ly(w) = Ly (Lg = Dg — Ag), so
N-1 N-1

Dus(@) = 3 Gila(@) = X Jola+were] = L +were]
d=1 d=1
Write B | x c
’LV,\/Ls = x" [ x [ x"R
CT | Rx| RBR

Then there exists an orthogonal matrix P such that

T7 _ ([ LF 7 _ iy
PTLyoP = =), PTlus(w)P= =

where i .
L~ = RBR - RC, ﬁ:(L y>,Lj:<L y ),
y X y X+ w
with

LtT =B+ CR, y=+2x.
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Expression of the limit

Using similar arguments as before one can show that
fl'LJr+ + Re tL™ R On eftLJr*R — Re—tL™
: 1 2
lim (u(w)(t)>i :§e,-T Ou 0 OT e;.

w—00 2
T — T i
RetL _etLR Ob Re tL R—I— tL
2
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Expression of the limit

Using similar arguments as before one can show that

e L Re"t R | Oy | e R— Re LT
1 2
lim (u(w)(t)> :*e,-T 0N—1 0 0 er.
w—00 i 2 F 2 = TF =
Re t™" — e tL"R | Qny | Re Tt R+ —tL
2

Therefore, we are interested in the first columns of the matrices

1 -
5 (e*tLJr+ + Re R) (before the barrier),

and

N

Jaime Arto, Ernesto Estrada Diffusion on graphs with obstacles
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Expression of the limit

Using similar arguments as before one can show that

e L Re"t R | Oy | e R— Re LT
1 2
lim (u(w)(t)> :*e,-T 0/\1-1 0 0 er.
w—00 i 2 F 2 = TF =
Re t™" — e tL"R | Qny | Re Tt R+ —tL
2

Therefore, we are interested in the first columns of the matrices

1 -
5 (e*tLJr+ + Re R) (before the barrier),

and

N

We are particularly interested in

(Re_tL++ — et R) (after the barrier).

1 - 1 .
—tL T —tL —tRLT™R —tL
= (Re —e R)=—-(e —e R
2 2
= - = = et
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Key lemmas

Objective: prove e tRE"R _e=tL™ 5 0. ]
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Key lemmas

Objective: prove e tRE"R _e=tL™ 5 0. ]

Lemma (Duhamel’s formula)

1
eV — @ = / XM - Q)eMdx, M,Q > 0.
0
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Key lemmas

tRLTTR et

Objective: prove e~ > 0.

Lemma (Duhamel’s formula)

1
eV — @ = / XM - Q)eMdx, M,Q > 0.
0

i A

—t(RL**R—L7) >0, t>0.

RL™R — L~ =2RC < 0. O
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Metzler matrices

Proposition

The matrices —tRLT™ R and —tL~ are strictly Metzler.

RL++R:R(§+RE) R.
Bij<0, i#]j
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Metzler matrices

Proposition
The matrices —tRLT™ R and —tL~ are strictly Metzler.

RL**R = R (é n RE) R.
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Metzler matrices

Proposition
The matrices —tRLT™ R and —tL~ are strictly Metzler.

RL**R = R (é n RE) R.

0, i+ == o
T }:>(B+RC),,J<O, it
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Metzler matrices

Proposition
The matrices —tRLT™ R and —tL~ are strictly Metzler.

RLFtR =R (§+ RE) R.
Bij<0, i#]j ~ = .
. = (B+RC);,; <0, .
Cij<0, Vi } ( )iij i #J
(L) —(RER—RE) Lyl o iz O
i o G- Grr s T
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Asymptotic behavior of the solution

—t(RL*TR—L7) >0, —tRL™ Rand —tL™ strictly Metzler )

Take i € (MFL,N] and t > 0. If £ = Ly s(w), then

wli_}moo (u(“’)(t))l_ > 0.

By Duhamel's formula

1
e tRLYTR _ —tL~ :/ e(lfx)(ftL_) (—t (RL++R . L_)) ex(ftRL++R) dx.
0
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Asymptotic behavior of the solution

—t(RL*TR—L7) >0, —tRL™ Rand —tL™ strictly Metzler )

Take i € (MFL,N] and t > 0. If £ = Ly s(w), then

wli_}moo (u(“’)(t))l_ > 0.

By Duhamel's formula

1
e tRLYTR _ —tL~ :/ e(lfx)(ftL_) (—t (RL++R . L_)) ex(ftRL++R) dx.
0

eX(FtRLR) 5 ) (1=X)(~tL7) 5 0, so the integral is strictly positive. L]
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Numerical experiments
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Non-local diffusion: fractional Laplcian

Finally, we focus on the fractional Laplacian.

Lw) = (L(w))* = (L + we1e1T>a

<L 4 wew{)a # L™ + were]
Take i€ (M, N], a €(0,1) and t > 0. If L = L%(w), then
lim <u(“’)(t)> =0

w—00

Jaime Arto, Ernesto Estrada Diffusion on graphs with obstacles May 28, 2026



Non-local diffusion: fractional Laplacian

Eigenvalues of L(w): A < A; < A < A <+ < AW < Apy < A@)
= 2

The eigenvalues of L%(w) are
(0% (0% @ (0%
(A&”) <A < (AS’)) <A << <>\(A‘,")1> <A < <>\(“’)) :
2 2

and the eigenvectors are those of L(w). Therefore
N—-1

(s >),-=i1(— sy e T (), (), )
()

2

—tA\Y — DY
—— > (i )y N+ (W) () M) =0 O
j=1
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Numerical experiments
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Generalization

Given f : [0,00) — R and L = UAUT with A = diag (A1, ..., An),

F(L)y=UFN)UT, (A =diag(f(A1),...,f(An)).
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Generalization

Given f : [0,00) — R and L = UAUT with A = diag (A1, ..., An),

F(L)y=UFN)UT, (A =diag(f(A1),...,f(An)).

Take i € (MH] and t > 0. If L = f (L) for some continuous and
bounded-below function, then

lim (u(”)(t)>i =0.

w—r00
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Another model

Given a path graph of N vertices, we can model an obstacle by wakening
the weight of one of the vertices.

[ORa|
@ @ @
2 3 4

-9
e ]
=) )
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Another model

Given a path graph of N vertices, we can model an obstacle by wakening
the weight of one of the vertices.

[ORa|
[ @ @ @ @ L ]
1 2 3 4 5 6

In the DNA example, a very small weight may hinder both through-bond
and through-space diffusion (we are splitting the graph in two).

obstacle
o3 T - - OO o
DNA-binding
protein
jumping
b) sliding <) f\o
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Diffusion on graphs with obstacles May 28, 2026 29/31



Reason

Now the distance of the shortest path P is defined as
1

w(vi—1,vi)

UP) =
ieP
This will dramatically increase the distance between two vertices at
different sides of the barrier (future work: prove this analytically)

5 o
o e
) o
) e
8 o
o -10 7 P
=1 -
=3 e <
< A g
Y X
3
c -15 i
% X
< .
S X
£ 20 P
8 X & Local
v Mellin
/ Fracional
251

-10 8 6 4
Weight of the middle edge (log10 scale)
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Thx for your attention :)
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Singular Inner Multipliers and Cyclic Vectors for
Coefficient and Besov Spaces

Alberto Dayan
(joint with D. Seco)

Universitat Autonoma de Barcelona

EARCO 2026
May 28, 2026
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The Commutant of the Shift

Let S: %> — (2 be the shift operator
S: (ao,al,az,...) — (O,ag,al,...)

Problem (Wiener, 1920): find all bounded, linear maps T: #2 — ¢2 such
that TS = ST.
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The Commutant of the Shift

Let S: %> — (2 be the shift operator
S: (ao,al,az,...)H(O,ag,al,...)

Problem (Wiener, 1920): find all bounded, linear maps T: #2 — ¢2 such
that TS = ST.

Let H? be the Hardy space

H? := { f € Hol(D) | Y |f(n)]* < o0

n>0

Then S is unitarly equivalent to

My,: fr—zf fe H?
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Multipliers

Wiener's Theorem

Problem: find all T € B(H?) such that TM, = M, T

Example
Let ¢ be in

H> = {f € Hol(D)

zeD

Then TM, = M, T and
M¢: fl—>¢ f

is bounded, since H? = L2(T, dm) N Hol(DD).

sup | F(2)| <oo}.

A1t D BT W (T VY W DRI M VATVYSi S ing ular Inner Multipliers and Cyclic Vectors 1
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Multipliers

Wiener's Theorem

Problem: find all T € B(H?) such that TM, = M, T
Example
Let ¢ be in

H> = {f € Hol(D) | sup |f(z)] < oo}.
zeD

Then TM, = M, T and
M¢: fl—>¢ f

is bounded, since H? = L2(T, dm) N Hol(DD).

Theorem (Wiener, 1930)

A linear map T: H?> — H? is bounded and commutes with M, if and only
it T = My for some ¢ in H>.

v
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Multipliers

Coefficient Spaces
Forall p > 1, let

(5 = f € Hol(D) | Y |f(n)|P < oo

n>0

Definition
M, = {¢ € Hol(D)| ¢ f € ¢4, forall f e th}

Theorem (Nikolski, 1966)

T: 0% — 0% is bounded, linear and TM, = M, T if and only if T = My,
for some ¢ € M.
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Properties of Multipliers

Open problem: describe M, p ¢ {1,2}.
o M2 = H*>.

o M = (4 (Wiener algebra)
o (4 C MycClhnH>.
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Properties of Multipliers

Open problem: describe M, p ¢ {1,2}.

(] M2 = H*>.
o M = (4 (Wiener algebra)
o (4 C MycClhnH>.

Theorem (Nikolski, 1966)

1 1
Mp=Mg  —4-=1
P q P q

Question
Let p > 1. Which inner functions © are in M,?

Alberto Dayan (joint with D. Seco) (UniversiSH ANV NIV TR R @V el TRV T g EARCO 2026 May 28, 2026 5/14



Multipliers

Inner functions

A function © is inner if:
lim [©(ré)| =1 aeeT.
r—1

@ Any inner function is an isometric multiplier of H>.

@ Any inner function © can be factorized as
©=35,B,

where S, is a (non vanishing) singular inner function

Su(z) = exp {—/T

and B is a Blaschke product.

S} zen,

A1t N D BT W T VY W DRI MVATVYESi S ing ular Inner Multipliers and Cyclic Vectors 1 EARCO 2026 May 28, 2026
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Multipliers

Beurling’s theorem

Theorem (Beurling, '49)
Any closed, {0} # M C H? which is shift-invariant

Mz(M) C M

is of the form
M = ©H?

for some inner function © # 1.
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Multipliers

Beurling’s theorem

Theorem (Beurling, '49)
Any closed, {0} # M C H? which is shift-invariant

Mz(M) C M

is of the form
M = ©H?

for some inner function © # 1.

o (Vinogradov, Lebedev, Olewski, - - -) Blaschke products in M,
depending on its zeros.

@ To this day, there isn’t a single example of a singular inner function
S, € M,p, if p#2!

Alberto Dayan (joint with D. Seco) (UniversiSH ANV NIV TR R @V el TRV e T g EARCO 2026 May 28, 2026 7 /14




Singular Inner Multipliers and Cyclic Vectors

Concentrated Measures

ECT, | CT interval E

de(l) :=sup{|J]|J C I interval, JN E = ()}

Theorem (Lebedev, 1998)
If W(E) > 0 for some E C T satisfying

. de(])
It}f i

=46 >0,

then S,, & M, for all p # 2

Example

p=70py = Su(z) = et ¢ M,, for all p # 2.

v
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Cyclicity

For f € ¢,

P
[flp := {pf | p polynomial} *
is the smallest closed M,-invariant M C 62 that contains f.
Definition
f is cyclic in (5 if [f], = ¢4 J
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Cyclicity

For f € ¢,

P
[flp := {pf | p polynomial} *
is the smallest closed M,-invariant M C 62 that contains f.
Definition
f is cyclic in (5 if [f], = ¢4 J

@ f cyclic = f non vanishing.

@ No inner function is cyclic in EZ, for all p < 2.

Can a singular inner function S, be cyclic in (%), for p > 27

Question J
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A Necessary Condition for 5, € M,

Lemma
Let p > 2 and S,, be a singular inner function and assume that S,, is cyclic
in {%. Then S, ¢ M,.

v

Proof.
Suppose that S, € Mp. Then S, € Mg C (5.
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A Necessary Condition for 5, € M,

Lemma
Let p > 2 and S,, be a singular inner function and assume that S,, is cyclic
in {%. Then S, ¢ M,.

v

Proof.
Suppose that S, € Mp. Then S, € Mg C (5. Therefore,

@, (F) = /T € F(€)5u(€) de

*

is a non-zero functional in (EZ)
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A Necessary Condition for S, € M,

Lemma
Let p > 2 and S,, be a singular inner function and assume that S,, is cyclic
in {%. Then S, ¢ M,.

v

Proof.
Suppose that S, € Mp. Then S, € Mg C (5. Therefore,

0, = [ ¢ FOSE ot
T
is a non-zero functional in (52)*. Since

q>”(zm5#)=/zm+1dg:o m=0,1,2,...,
T

o . . p

®,([Sulp) = {0}, hence S, is not cyclic in £4.
1
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Singular Inner Multipliers and Cyclic Vectors

Smooth Measures

If 11 is a positive measure on T, set

wu(t) == sup |u(h) — p(h)|-
I; adjacent
[hl=lh|<t

For instance, ws,, =1 and wgm = 0.
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Singular Inner Multipliers and Cyclic Vectors

Smooth Measures

If 11 is a positive measure on T, set

wu(t) == sup |u(h) — p(h)|-
I; adjacent
[hl=lh|<t

For instance, ws,, =1 and wgm = 0.

Properties

(i) (Stein & Zygmund, 1964) If [} 207 gt < oo, then yu is
absolutely continuous.

(ii) (Shapiro, 1968) There exists a singular measure 11 such

that
t

Vlog §
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Singular Inner Multipliers and Cyclic Vectors

Cyclic Singular Inner Vectors

Theorem (DS, '26)

Let p be a singular measure on T. If

t
1/Iog%7

then S, is cyclic in €% for all p > 2. In particular, S, ¢ M,

wu(t) < C
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Singular Inner Multipliers and Cyclic Vectors

Cyclic Singular Inner Vectors

Theorem (DS, '26)

Let p be a singular measure on T. If

t
1/Iog%7

then S, is cyclic in €% for all p > 2. In particular, S, & M.

wu(t) < C

For all p > 2,

BP — {f c Hol(]D)’ /D]f’(z)|”(1 2Pt dA(2) < oo} ce

Thus
Su(°)
Su(t-)

A1 2l D BT W T AV W DRI M VATVYSi S ing ular Inner Multipliers and Cyclic Vectors {

sup
o<t<1

< oo = §, cyclicin £}
BpP
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Cyclicity in Besov Spaces

Note that
LEE)

Suppose w),(t) < C—=

,/Iog%:

P

(2o < [ R

LTS, (et 12D IAG)
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Cyclicity in Besov Spaces

Note that

/ <5u(2) )'
|\ Su(tz)

Suppose w),(t) < C—=

,/Iog%:
o (Anderson, Fernandez and Shields, 1991)

p

(- 2P 0) 5 [ R0 aptane).

p |Su(t2)[?P

1
sup |5, (2)| < C
zl=r (1—r)\/log &

e (DS, ’26) For all ¢ > 0, there exists an o > 0 such that

1 e \°
e < | .
/T OO <°g 1= r)
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Singular Inner Multipliers and Cyclic Vectors

Concluding Remarks

e Every S, isin My = H*;

o If p#£2:
o (Lebedev, '98) If 4 is sufficiently concentrated, then S, ¢ M,

o (DS, '26) If y is sufficiently "spread out”, then S, ¢ M,

Conjecture
Let p # 2 and i be a singular measure on T. Then S, is not in M, }
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Singular Inner Multipliers and Cyclic Vectors

Concluding Remarks

e Every S, isin My = H*;

o If p#£2:
o (Lebedev, '98) If 4 is sufficiently concentrated, then S, ¢ M,

o (DS, '26) If y is sufficiently "spread out”, then S, ¢ M,

Conjecture
Let p # 2 and i be a singular measure on T. Then S, is not in M, }

Thank you!
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T={z€C:|z| =1} H(D) ={g:g analyticin D}.
For 0 < p < 0o, HP is the Hardy space.

If w>0and w € L1, it is called a weight. If w(z) = w(|z|) for all
zeD and frl w(s) € (0,00), r € (0,1), wis called a radial weight.
For ¢ € D\ {0} and M > 0,

Fu(€) ={zeD:|argz—arg¢| < M([¢] —|z])}. T1(§) =T(¢).

For 0 < p,q < 0o and a weight w the tent space TJ(w) is the set of
those f for which

q _ dA(z) g ,
||fHT§(w) - Q/BTD) </r(£) ‘f(z)|pw(z)l — ‘Z‘ |d§| < 00.




e D={zeC:|z| <1}
T={z€C:|z| =1} H(D) ={g:g analyticin D}.
For 0 < p < 0o, HP is the Hardy space.

If w>0and w € L1, it is called a weight. If w(z) = w(|z|) for all
zeD and frl w(s) € (0,00), r € (0,1), wis called a radial weight.
For ¢ € D\ {0} and M > 0,

Fu(€) ={zeD:|argz—arg¢| < M([¢] —|z])}. T1(§) =T(¢).

For 0 < p,q < 0o and a weight w the tent space TJ(w) is the set of
those f for which

q _ dA(z) g ,
||fHT§(w) - Q/BTD) </r(£) ‘f(z)|pw(z)l — ‘Z‘ |d§| < 00.

o ATJ(w) = TJ(w) NH(D),




e D={zeC:|z| <1}
T={z€C:|z| =1} H(D) ={g:g analyticin D}.
For 0 < p < 0o, HP is the Hardy space.

If w>0and w € L1, it is called a weight. If w(z) = w(|z|) for all
zeD and frl w(s) € (0,00), r € (0,1), wis called a radial weight.
For ¢ € D\ {0} and M > 0,

Fu(€) ={zeD:|argz—arg¢| < M([¢] —|z])}. T1(§) =T(¢).

For 0 < p,q < 0o and a weight w the tent space TJ(w) is the set of
those f for which
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e D={zeC:|z| <1}
T={z€C:|z| =1} H(D) ={g:g analyticin D}.
e For 0 < p < oo, HP is the Hardy space.

e Ifw>0andwe Ll itis called a weight. If w(z) = w(|z]) for all
zeD and frl w(s) € (0,00), r € (0,1), wis called a radial weight.

e For ¢ €D\ {0} and M > 0,
Fu(€) ={zeD:|argz—arg¢| < M([¢] —|z])}. T1(§) =T(¢).

e For 0 < p,q < oo and a weight w the tent space TJ(w) is the set of
those f for which

q _ dA(z) g ,
||fHT§(w) - Q/BTD) </r(£) ‘f(z)|pw(z)l — ‘Z‘ |d§| < 00.

° ATg(w) = Tg(w) NH(D), Tg(w) =[P, ATﬁ(w) = AP = Bergman
space induced by w.
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Because of their close connection with the theory of Hardy spaces:
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Background on Tent spaces

Because of their close connection with the theory of Hardy spaces:
Calderén Formula:

. . 3

115 < IF@)1 + [ (/ I7(2)P dA(z)) e
JT \JT(E)

= |FO) + I 73a_iapy 0 < 9 < 00

Boundedness of the non-tangential maximal function:

IF1lE = INm(F) I ey, N(F)E) = sup [f(2)],0< q < oo.
z€lm(€)

e The theory of Tent spaces was initiated by Coifman-
Meyer-Stein (1985); Harboure-Torrea-Viviani (1991-96);
Luecking (1991), Cohn-Verbitsky (2000).

e On the theory of analytic weighted Tent spaces for standard
weights w(z) = (1 — |z|)*, a > —1. : Perald (2018),
Aguilar-Hernandez-Contreras-R. Piazza (2022).

e \ery little is known on analytic weighted Tent spaces induced
by radial weights.
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Some aims of the work

e There has been significant progress in operator (and function) theory
on weighted Bergman spaces AP, over the last decades. A key
difference lies on the nature of the weight; in particular, the theory is
far more developed for radial weights.

e Approximation results: If w is a radial weight, polynomials are
dense in AP, 0 < p < o0, and if f(z) = f(\z), A € D, then:

I6llae < Ifllae, AeD;

i — po= s P,
lim 1A~ el =0, €T, f e AL

e The answer is positive for w = 1:
Aguilar-Hernandez-Contreras-R. Piazza (2022).

e It seems that the employed method does not work for a
general radial weight w.
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Boundedness of the Non-tangential maximal function on

weighted analytic Tent spaces

Let 0 < p,g, M < oo and let w be a radial weight. Then,
Num : AT (w) — TJ(w) is bounded.

1. Fefferman-Stein vectorial maximal theorem,

a/p

./ oo qa/p S
/ (2 NM)(&)P) del < / <Z ﬂ(@*’) de|
JT n=0 JT n=0

valid for 0 < p, g < oo and {f,}, f, > 0, log-subharmonic
functions on D and continuous on D.

2. Tm(g) = UzerM(s) Tm(z), €&€D)\{0}.

3. For each n € N, descompose 'y (&) = U;;ol U_jerej E(E)

where E[, are disjoint sets and £/, C FM(g”%je"M\flf).



Decomposition of a non-tangential region IMy(¢)

Figure 1: Two real scale illustrations of the sets E/",(£). 5



Approximation by dilated functions and density of polynomials

on analytic Tent spaces

Let 0 < p,q < oo and let w be a radial weight. Then the following
statements hold:

(i) There exists a constant C = C(p, g) > 0 such that
Isllarsw) < Cllfllargw), AED, f€H(D);
(i)  lim _ s = fllaTg(w) = O for each f € ATJ(w) and ¢ € D;

A—=CAE
(iii) Polynomials are dense in ATJ(w).
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functions f such that

1 2 1 ) 2
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Weighted average radial i bility space.

o Let w be a radial weight and 0 < p,q < oo, Li(w) consists of
functions f such that

1 /2 1 _ :
Hf||Lq(w = E/o </0 \f(fe“‘))\"w(r)rdr) df < oco.

o LPP(w) =18, ALY(w) = LI(w) N H(D), ALPP(w) = AP

e They are also close related to the theory of Hardy spaces:
e Littllewood-Paley formula.

27 1 p/2
17115 = F(0)/P + / (/ If'(remlz(lfr)dr> "

e Boundedness of the maximal radial function
R(¢)(z) = supg<,<1 [#(r2)], z € D.

[I£11% < [IR(Flle(ry, 0 < p < oo



On the theory of analytic weighted average radial integrability space

e Analytic weighted average radial integrability space induced
by w(z) = (1 — |z])*, « > —1, are close related with the
Triebel-Lizorkin spaces, Ortega-Fabrega (1997);

e Extensive study for w = 1:

Aguilar-Hernandez-Contreras-R. Piazza (2022).

Some new results on analytic weighted average radial integrability

space

e Aguilar-Mas-P-Rattyd (2026): Let 0 < p,q, M < co and let
w be a radial weight. Then, Ny : ALj(w) — Li(w) is
bounded.

e Approximation by dilated functions and polynomials work in
ALd(w), for 0 < p, g < oo and w a radial weight.
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On the theory of analytic weighted average radial integrability space

e Analytic weighted average radial integrability space induced
by w(z) = (1 — |z])*, « > —1, are close related with the
Triebel-Lizorkin spaces, Ortega-Fabrega (1997);

e Extensive study for w = 1:

Aguilar-Herndndez-Contreras-R. Piazza (2022).

Some new results on analytic weighted average radial integrability

space

e Aguilar-Mas-P-Rattyd (2026): Let 0 < p,q, M < co and let
w be a radial weight. Then, Ny : ALj(w) — L(w) is
bounded.

e Approximation by dilated functions and polynomials work in
ALd(w), for 0 < p, g < o0 and w a radial weight.
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Weighted analytic Tent spaces versus Weighted average radial

integrability spaces.

o Ortega-Fébrega (1997): If w(z) = (1 —|z|)*, a« > —1 and
1< p,qg < oco. Then,

ALY(w) = ATI(w).



Weighted analytic Tent spaces versus Weighted average radial

integrability spaces.

o Ortega-Fébrega (1997): If w(z) = (1 —|z|)*, a« > —1 and
1< p,qg < oco. Then,

ALY(w) = ATI(w).

e No, but it is true for a meaningful large class of radial weights.



Theorem. Aguilar-Mas-P-Rattya (2026)

Let 0 < p,g < oo and let w be a radial weight such that

frl w(s) ds
0<r<1 flll w(s) ds

Then, ALi(w) = ATS(w).

(1)
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Theorem. Aguilar-Mas-P-Rattya (2026)

Let 0 < p,g < oo and let w be a radial weight such that

frl w(s) ds
0<r<1 f; w(s) ds

(1)

Then, ALi(w) = ATS(w).

Comments on the above result

e The above theorem does not remain true for a large class of

weights which contains
w(r) =exp (—ﬁ) ,0<a,l,8 < oo.

e The boundedness of Ny : AL{(w) — L§(w) and
Num : T§(w) — TJ(w) are key tools in the proof.

e The class of radial weights which satisfy (1) is denoted by D.

10



Why it is useful the identity ALI(w) = ATI(w), w € D?
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Why it is useful the identity ALI(w) = ATI(w), w € D?

e To obtain equivalent norms in terms of /.
e Let be D the class radial weights weights such that w € D and there

is K = K(w) > 1 such that supg<,; 111# < 0.
Jr

w(s) ds

Let 0 < p,g < o0 and k € N, and let w be a radial weight. Then
the following statements are equivalent:

(i) we D;

k—1
(i) [Ifllarsqy =< 1FRQ = |- DXl + D IFD0)], f € H(D);
j=0

k—1
(i) [1fllacgew) = IFOQ =1 D¥ligw) + X 1FPO)], £ € H(D).

j=0

11



Lipschitz free boundaries in Alt-Caffarelli type problems

Joan Domingo-Pasarin

Universitat de Barcelona

EARCO 2026



Serrin's overdetermined problem

Introduced by Serrin in 1971, it studies the following PDE

—Au=1 inQ
u=0 ondQ (1)
0,u=c on 08,

for a bounded domain Q2 < R” and ¢ > 0.

Joan Domingo-Pasarin (Universitat de Barcelona) Lipschitz free boundaries in Alt-Caffarelli type problem: EARCO 2026



Serrin's overdetermined problem

Introduced by Serrin in 1971, it studies the following PDE

—Au=1 inQ
u=0 ondQ (1)
0,u=c on 08,

for a bounded domain Q2 < R” and ¢ > 0.

Theorem (Serrin '71)

Assume Q is C? and u € C?(Q) solves (1). Then, Q = Bg for some R = R(n,c)

and
R2 _ |X|2

1) = 2n
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Serrin's overdetermined problem

@ A natural question arising from Serrin’s theorem is whether the regularity
assumption on € and u can be relaxed.
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Serrin's overdetermined problem

@ A natural question arising from Serrin’s theorem is whether the regularity
assumption on € and u can be relaxed.

@ Partial results in this direction: [Vogel '92], [Parjapat '98].
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Serrin's overdetermined problem

@ A natural question arising from Serrin’s theorem is whether the regularity
assumption on € and u can be relaxed.

@ Partial results in this direction: [Vogel '92], [Parjapat '98].

o Very recently, [Figalli, Zhang '26] proves Serrin's theorem in a wider class of
domains with finite perimeter.
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Serrin's overdetermined problem

@ A natural question arising from Serrin’s theorem is whether the regularity
assumption on € and u can be relaxed.

@ Partial results in this direction: [Vogel '92], [Parjapat '98].

o Very recently, [Figalli, Zhang '26] proves Serrin's theorem in a wider class of
domains with finite perimeter.

o In [Figalli, Zhang '26] the connection of Serrin's problem with the
Alt-Caffarelli problem is highlighted as a possible way to prove Serrin’s result
for Lipschitz domains.
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Poisson kernel

@ For a bounded smooth domain < R”, the Green function G* with pole at

x € Q solves
-AG*=6, infQ

G*=0 on 012
0,G* = P* on 09.
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Poisson kernel

@ For a bounded smooth domain < R”, the Green function G* with pole at

x € Q solves
-AG*=6, infQ

G*=0 on 012
0,G* = P* on 09.

@ By classical regularity theory, 2 smooth implies that the Poisson kernel
P* = 0, G* is smooth.
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Poisson kernel

@ For a bounded smooth domain < R”, the Green function G* with pole at
x € Q solves
-AG*=6, infQ

G*=0 ondQ
0,G* = P* on 0Q.
@ By classical regularity theory, 2 smooth implies that the Poisson kernel
P* = 0, G* is smooth.

@ Is the converse true? That is, is it true that

P* smooth for some x € 2 == Q smooth (2)
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Poisson kernel

@ For a bounded smooth domain < R”, the Green function G* with pole at

x € Q solves
-AG*=6, infQ

G*=0 on 012
0,G* = P* on 09.

@ By classical regularity theory, 2 smooth implies that the Poisson kernel
P* = 0, G* is smooth.
@ Is the converse true? That is, is it true that
?
P* smooth for some x € Q =  smooth (2)

o [Lewis, Vogel '91] and [Lewis, Vogel '01] show that there exist C* domains
for any a € (0,1) such that P~ is constant.
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Poisson kernel

@ For a bounded smooth domain < R”, the Green function G* with pole at

x € Q solves
-AG*=6, infQ

G*=0 on 012
0,G* = P* on 09.

@ By classical regularity theory, 2 smooth implies that the Poisson kernel
P* = 0, G* is smooth.

@ Is the converse true? That is, is it true that
?
P* smooth for some x € Q =  smooth (2)

o [Lewis, Vogel '91] and [Lewis, Vogel '01] show that there exist C* domains
for any a € (0,1) such that P~ is constant.

@ It is then natural to ask if (2) holds when Q is Lipschitz.
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Connection with the Alt-Caffarelli problem

Serrin’s problem Poisson kernel
—Au=1 inQ -AG*=6, iInQ
u=0 ondQ G*=0 on0dQ
o,u=c on 0f. 0,G* = P* on 0.

N e

—Au=f inQn B
u=0 ondQdn B
o,u=Q onddn B;.
Alt-Caffarelli type problem
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Alt-Caffarelli problem

@ Introduced by Alt and Caffarelli in [Alt-Caffarelli '81].
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Alt-Caffarelli problem

@ Introduced by Alt and Caffarelli in [Alt-Caffarelli '81].

o Studies for which bounded domains Q < R” (with 0 € 9Q) there exists a
non-negative solution u: B; — R of

Au=0 inQnB;

u=0 ondQn B;
o,u=1 on 0Qn B.
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Alt-Caffarelli problem

@ Introduced by Alt and Caffarelli in [Alt-Caffarelli '81].

o Studies for which bounded domains Q < R” (with 0 € 9Q) there exists a
non-negative solution v : By — R of

Au=0 inQnB;
u=0 ondQn B;
o,u=1 on 0Qn B.

o Extensive literature focused on energy minimizers and viscosity solutions but
not on weak solutions!
[Caffarelli '87], [Caffarelli '88], [Caffarelli '89], [Caffarelli, Jerison, Konig '04], [De Silva, Jerison '09],
[De Silva, Savin '11], [Jerison, Savin '15], [Spolaor, Velichkov '19], [Engelstein, Spolaor, Velichkov '20],
[Engelstein, Ferndndez-Real, Yu '23], [Ferreri, Spolaor, Velichkov '24], [Fernandez-Real, Yu '26]
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Main result

We study the Alt-Caffarelli type problem with right hand side

—Au=f inQnB;
u=0 ondQdn B 3)
oyu=Q ondQn B;.

Joan Domingo-Pasarin (Universitat de Barcelona) Lipschitz free boundaries in Alt-Caffarelli type problem: EARCO 2026



Main result

We study the Alt-Caffarelli type problem with right hand side

—Au=f inQnB;
u=0 ondQdn B 3)
oyu=Q ondQn B;.

Theorem (D-P., X. Ros-Oton '26)

Let Q  R" be a bounded Lipschitz domain such that 0 € 02 and assume u solves
(3) in the following weak sense: u € HE _(Bi1), u>0, u=0 on B;\Q and

—J Vu-Vndx = J QndH"! — f fndx Vn e CF(By).
By QN B; QnB;

Iff,Qe C*(By), f 20 and Q > 0, then 02 n By is locally a smooth surface in
B;.

Joan Domingo-Pasarin (Universitat de Barcelona) Lipschitz free boundaries in Alt-Caffarelli type problem:



Thank you!
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m Fijamos un reticulo diddico D en R.

m Sea p una medida en R tal que 0 < () < oo para todo I € D.
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Funciones de Haar

m Fijamos un reticulo diddico D en R.
m Sea p una medida en R tal que 0 < () < oo para todo I € D.
m /_ es el hijo izquierdo de I e I el derecho. I denota el padre de I.

m La funcién de Haar asociada al intervalo I es

By = I < Xr- XI+)> ::m< XI- XIy >

(1) pl-)  p(l p(l-)  p(ly)

m Esta funcion es la tnica con soporte en I, médulo signo,

constante en I_ e I y tal que /hjd,u =0y [[hrllp2 = 1.

m {h;}rep es una base ortonormal de L?(p).

m Podemos considerar sistemas de Haar en R"™ y también prescindir
de la hipétesis u(I) > 0.
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Haar shifts con medidas no doblantes

mDadol €Dys,teZh, I®) denota el s-ésimo ancestro de I y
Dy(I) sus descendientes de orden t.

m Un Haar shift de complejidad (s, t) es un operador 1" que actia en
las funciones de Haar de la siguiente manera:

Thr = Z ar ghy,
JED (1))

donde a € ¢°°.

m Decimos que una medida p en R es equilibrada si m(I) ~ m <.f )

Teorema (Lopez-Sanchez, Martell, Parcet; 2014)

1T\ 1 (y—proo () < 00 ¥ 1Tl p(u)—Lr(u) Para todo Haar shift T'y
1 < p < oosiy solosiu es equilibrada.
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Dominacion sparse

m Una familia de cubos & C D es n-sparse si para todo @) € S existe

E(Q) C Q con u(E(Q)) > nu(Q) y tal que {E(Q)}qes son
disjuntos dos a dos.

m Un operador 7T tiene dominacién sparse si existe 7 tal que para
cada f (en una clase buena de funciones) existe S n-sparse tal que

ITf (@) S (I haxalz) = Asf(z).

QeS

m La dominacién sparse permite obtener estimaciones con pesos.
Para ello, basta tener una dominacion bilineal, a priori mas débil:

(TF 9 S Y (Nilghnd) = (Asf.g)-

Qes
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m Conde-Alonso, Pipher y Wagner probaron que la transformada de

Hilbert diddica, un Haar shift de complejidad (0,1), no admitia
dominacién sparse en el sentido usual.




Dominacién sparse para Haar shifts

m Conde-Alonso, Pipher y Wagner probaron que la transformada de
Hilbert diddica, un Haar shift de complejidad (0, 1), no admitia
dominacién sparse en el sentido usual.

Teorema (Conde-Alonso, Pipher, Wagner; 2024)

Sea p una medida equilibrada y sin atomos en R y sea N € N. Existe
n € (0,1) tal que para todo Haar shift 7' de complejidad (s,t) con
s+t < N y para cada par de funciones f y g acotadas, no negativas y
de soporte compacto existe una familia S C D n-sparse tal que

(Tf,9) S (Asf,g) + > (HierVm(T)m(K).
J,KeS
2<dist(J,K)<N+2
JNK=0
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Pesos matriciales

m Un peso matricial es una funcién W que toma valores en las
matrices semidefinidas positivas M;.

m Un peso matricial W : R" — M:{ da lugar a una familia de
espacios LP para funciones f : R™ — R%, definidos por las normas

ony = [ W@ dto).
m Dado 1 < p < o0, decimos que W € A, si

Wla, =sp . (f W@ W) Py >)p/p’du<x><oo.

m Esta condicién caracteriza la acotacién de la transformada de
Hilbert, y fue determinada por Treil y Volberg para p = 2 y por
Volberg para 1 < p < oo (1997).
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con pesos matriciales, porque ignora toda la informacion
geométrica.
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Dominacién por cuerpos convexos

m La dominacién sparse no es adecuada para obtener estimaciones
con pesos matriciales, porque ignora toda la informacion
geométrica.

m En 2017, Nazarov, Petermichl, Treil y Volberg introdujeron el
andlogo correcto de la dominacién sparse: la dominacién (sparse)
pPOT CUerpos convexos.

» Dada una funcién f: R” — R? y un cubo Q C R”, definimos el
cuerpo convexo promedio

(Fo={ehHa:¢: Q=R [lpfre <1}

m La dominacién por cuerpos convexos para un operador 1" es

habitualmente
)€CD> (foxqle
QES
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m ;,Podemos obtener estimaciones con pesos matriciales para Haar
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Dominacién por cuerpos convexos para Haar shifts

m ;,Podemos obtener estimaciones con pesos matriciales para Haar
shifts con medidas no doblantes usando ambas ideas?

Teorema (B.C., Borges, D’Emilio, Pasquariello, Wagner; 2026)

Sea p una medida equilibrada y sin atomos en R. Sea

T : L*(R;RY) — L*(R;R?Y) un Haar shift the complejidad (s, t). Existe
n € (0,1) tal que para todo f € L*(R; R?) con supp f C Iy € D existe
una familia n-sparse S C D tal que

(2) € (Pl S (@)

K
IeS JKeS w(K)
dist(J,K)<s+t+2

en casi todo punto en x € Q.

m El resultado también es cierto cuando la dimension del dominio es
n > 1.



Estimaciones para el operador sparse

m Las estimaciones en LP(W) para el operador sparse de cuerpos
convexos no son triviales.

m Anteriormente, no existia ningin resultado con medidas no
doblantes para p # 2.
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Estimaciones para el operador sparse

m Las estimaciones en LP(W) para el operador sparse de cuerpos
convexos no son triviales.

m Anteriormente, no existia ningin resultado con medidas no
doblantes para p # 2.

Teorema (B.C., Borges, D’Emilio, Pasquariello, Wagner; 2026)

Sea p una medida de Borel localmente finita en R™. Sea S una familia
n-sparse. Definimos la forma sparse bilineal

As(f,0) = f f 1£(2) - 9()ldu(@)duu(y).

QES

Para W € A, se tiene

_p__ 1
As(W 2 £, W rg) < (WY I fll2o gl -
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m Un ejemplo es una transformada de martingalas 7}, i.e.,

T,f =Y 0oAqf
QeD
con {og}gep C {£1}.
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m Esto implica que, si T" admite dominacién por cuerpos convexos,
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p—1

P —1/p
1T o wy—eovy S W14, -

m Un ejemplo es una transformada de martingalas 7}, i.e.,

T, f = Z UQAQf
QeD
con {og}gep C {£1}.
m La dependencia de [IW],, coincide con la que obtuvieron

Cruz-Uribe, Isralowitz y Moen para integrales singulares con
medidas doblantes (2018).
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Estimaciones para el operador sparse

m Esto implica que, si T" admite dominacién por cuerpos convexos,
se tiene .y
p—1 /P

1Tl o owy—reewy S W1H :

P

m Un ejemplo es una transformada de martingalas 7}, i.e.,

T,f =Y 0glqf

QeD
con {og}gep C {£1}.
m La dependencia de [IW],, coincide con la que obtuvieron

Cruz-Uribe, Isralowitz y Moen para integrales singulares con
medidas doblantes (2018).

m ;Qué pasa con los Haar shifts, que tienen una forma de
dominacién mas complicada?
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shifts en LP(w).

una nueva clase de pesos w que caracteriza la acotacion de Haar




Clases de pesos para Haar shifts

m Conde-Alonso, Pipher y Wagner identificaron, en el caso escalar,
una nueva clase de pesos w que caracteriza la acotacion de Haar
shifts en LP(w).

m Para un peso matricial W y N € N, decimos que W & A;,V si

Wl =swwe(@8) f (f \W<x>1/pw<y>“prp’dmw)p/p/ du(z),

donde el supremo se toma sobre @), R € D tal que
dist(Q,R) < N + 2y ¢,(Q, R) es una constante de normalizacion.



Clases de pesos para Haar shifts

m Conde-Alonso, Pipher y Wagner identificaron, en el caso escalar,
una nueva clase de pesos w que caracteriza la acotacion de Haar
shifts en LP(w).

m Para un peso matricial W y N € N, decimos que W & A;,V si

Wl =swwe(@8) f (f \W<x>1/pw<y>“prp’dmw)p/p/ du(z),

donde el supremo se toma sobre @), R € D tal que
dist(Q,R) < N + 2y ¢,(Q, R) es una constante de normalizacion.

Proposicion
Sea n = 1. Si los Haar shifts de complejidad (s,t) con s+t < N estdn
acotados uniformemente en LP(W), entonces W € Aév .
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cuantitativamente de la complejidad del shift, las clases AIJ,V son
independientes de N.



Estimaciones con pesos para Haar shifts

Teorema (B.C., Borges, D’Emilio, Pasquariello, Wagner; 2026)

Sea W € AIJDV y sea T' un Haar shift de complejidad (s,t) con
s+t = N. Se tiene

_p _2 1
1Tl oewy—roowy S W14 7 [W]ﬁév-

m Como en el caso escalar, aunque las estimaciones dependen
cuantitativamente de la complejidad del shift, las clases AIJ,V son
independientes de N.

Proposicion

Paral <p < ooy N € N se tiene

Wiay < Wlay < (W)

P



Una generalizacién del teorema del embedding de Carleson

m Para obtener estimaciones con pesos matriciales, es habitual
utilizar el teorema del embedding de Carleson.

Teorema diadico del embedding de Carleson

> (@ fpaq < CillfI,
QeD

si y solo si

pw (w)pag < Caw)p.
QeD(P)



Una generalizacién del teorema del embedding de Carleson

Teorema (B.C., Borges, D’Emilio, Pasquariello, Wagner; 2026)

Sea {wg }gep una coleccién de pesos localizados en @ tales que

lwpwg' @) S (wplowe)g' para Q C P.
Sea {aq}gep C Ry 1 < p < co. Entonces
Z <wég/p Hoaq < Cil flI7, para toda f € LP(u)
QED

si y solo si

1 _
— Z (wp)o(we)y 'ag < Co{wp)p para todo P € D.

w(P) P )



Del embedding a estimaciones con pesos matriciales

m La estimacién para la forma sparse bilineal con pesos se puede
reducir a estimaciones para ciertas funciones cuadrado
m En concreto, queremos estimar

ST IWS WY |lgh P u(Q)
QES




Del embedding a estimaciones con pesos matriciales

m La estimacién para la forma sparse bilineal con pesos se puede
reducir a estimaciones para ciertas funciones cuadrado.
m En concreto, queremos estimar
—1y1/1/p P
> (W W9l (@)
QEeS

m Los pesos escalares

wg = W' WPPxq
resultado anterior.

satisfacen la condicién de compatibilidad y podemos aplicar el




Extension theorem for the logarithmic discrete

Laplacian

Marta de Ledn Contreras

joint work with Jorge J. Betancor and L. Rodriguez-Mesa

@ Extension theorems for logarithmic Schrodinger and discrete Laplacian
operators, arXiv:2604.03638
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The extension problem:

Suppose f : R — R is a smooth bded function and solve the extension
problem:

(—=A)u(x,t) =0, (x,t) € R x (0,00)
u(x,0) = f(x), x € RY,

to obtain a smooth bded function u.

Marta de Leén Contreras Extension theorem for the logarithmic discrete Laplacian



The extension problem:

Suppose f : R — R is a smooth bded function and solve the extension

problem:
(—=A)u(x,t) =0, (x,t) € R x (0,00)
u(x,0) = f(x), x € RY,

to obtain a smooth bded function u.

o —0u(x,0) = (—A)Y2f(x).

Marta de Leén Contreras Extension theorem for the logarithmic discrete Laplacian



The extension problem:
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The extension problem:

Suppose f : R — R is a smooth bded function and solve the extension

problem:
{ (=A)u(x,t) =0, (x,t) € RY x (0,00)
u(x,0) = f(x), x € RY,

to obtain a smooth bded function u.

o —0u(x,0) = (—A)Y2f(x).

@ Indeed, we apply twice the operator T : f — —d;u(+,0), to obtain

T(T(f))(x) = T(—0:u(x,0)) = %u(x,0) = —A,f(x).
o Since T >0, then T = (—A)Y/2.
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The extension problem:

Suppose f : R — R is a smooth bded function and solve the extension
problem:

{ (=A)u(x,t) =0, (x,t) € RY x (0,00)
u(x,0) = f(x), x € RY,
to obtain a smooth bded function u.
o —0u(x,0) = (—A)Y2f(x).
@ Indeed, we apply twice the operator T : f — —d;u(+,0), to obtain
T(T(f))(x) = T(—0:u(x,0)) = %u(x,0) = —A,f(x).
o Since T >0, then T = (—A)Y/2.
o (—A)2: f = —du(-,0).
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The fractional Laplacian

o F((-D)F)(€) = IEPF(6)
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The fractional Laplacian

o F((~D))(€) = [EPF(E) = F((—R)7F)(E) = €7 F(£).
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The fractional Laplacian

o F((~D))(€) = [EPF(E) = F((—L)7F)(E) = €7 F(€).

o [(=A)f(x) = Cypp.v. /]Rd W

dy, 0<o<1.
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The fractional Laplacian

o F((-L)A)(€) = [EPF(€) = F((~D)7H)(E) = €71 ().
° (—A)C’f(x)zCd,[,p.v./]R ) = fly)

=y
e (—A)? is a non-local operator!

dy, 0<o<1.
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The fractional Laplacian

o F((~D))(€) = [EPF(E) = F((—L)7F)(E) = €7 F(€).

(=AY f(x) = Cd’[,p.v./]R

f(x) — f(y)

=y

dy, 0<o<1.

e (—A)? is a non-local operator!

fell (R):=<f: R R:/ —_—
o feL;,(RY) { - wo (L+ |x[)927

[F(x)] dx<oo}_
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The extension problem:

Theorem (Caffarelli and Silvestre, Comm. PDE 2007)
Let o € (0,1). For f € S(RY) we consider the Dirichlet problem

t

(Bx + 15220,u+ 82u)(x, 1) = 0, (x,t) € R? x (0,00)
u(x,0) = f(x), x € RY.
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The extension problem:

Theorem (Caffarelli and Silvestre, Comm. PDE 2007)
Let o € (0,1). For f € S(RY) we consider the Dirichlet problem

t

(Ax +12299,4 + R2u)(x,t) = 0, (x,t) € RY x (0,00)
u(x,0) = f(x), x € RY.

Then, the associated Dirichlet to Neumann map coincides with

iy (<A)7, ie, g (=AY f o —limeor 1727 0,u(-, B).

v
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@ For 0 = 1/2 we recover the extension to the Laplace equation.
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The extension problem:

Theorem (Caffarelli and Silvestre, Comm. PDE 2007)
Let o € (0,1). For f € S(RY) we consider the Dirichlet problem

t

(Ax +12299,4 + R2u)(x,t) = 0, (x,t) € RY x (0,00)
u(x,0) = f(x), x € RY.

Then, the associated Dirichlet to Neumann map coincides with

iy (<A)7, ie, g (=AY f o —limeor 1727 0,u(-, B).

v

@ For 0 = 1/2 we recover the extension to the Laplace equation.

@ The solution to the extension problem is given by
t2o

u(x,t) = cd’g/ 75 f(y)dy
Re (

x—yP+ %)=
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The extension problem:

Theorem (Caffarelli and Silvestre, Comm. PDE 2007)

Let o € (0,1). For f € S(RY) we consider the Dirichlet problem

{ (Ax + 1=220,u + 82u)(x, t) = O,

(x,t) € RY x (0,00)

u(x,0) = f(x), x € RY.
Then, the associated Dirichlet to Neumann map coincides with
rl—o o - rl—o
e Cay, e, Al

22(,_1|_(U)(—A)" e —limeor t17270,u(, t).

v
@ For 0 = 1/2 we recover the extension to the Laplace equation.

@ The solution to the extension problem is given by

t2o
U(X? t) = Cd,d/ di2e f()/)dy
Re (

x—yP+ %)=

= /oo em(f)(x)(% du
49T (o) Jo .

u1+a
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the local PDE techniques applied to the extended equation:

o Regularity properties of solutions
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Why it is so useful to prove an extension problem?

@ Characterization of non-local operators as a Dirichlet-to-Neumann
map for a local degenerate elliptic PDE.

@ Obtain properties for non-local operators by taking advantage of
the local PDE techniques applied to the extended equation:

o Regularity properties of solutions

e Harnack inequalities
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Why it is so useful to prove an extension problem?

@ Characterization of non-local operators as a Dirichlet-to-Neumann
map for a local degenerate elliptic PDE.

@ Obtain properties for non-local operators by taking advantage of
the local PDE techniques applied to the extended equation:

o Regularity properties of solutions
e Harnack inequalities

o Monotonicity formulas
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iFor which operators is valid a representation through an extension

problem?

@ Stinga and Torrea: L? (Comm. PDE 2010), and (0; — A)? in
(SIAM J.M.A, 2017).
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iFor which operators is valid a representation through an extension

problem?

@ Stinga and Torrea: L? (Comm. PDE 2010), and (0; — A)? in
(SIAM J.M.A, 2017).

e Biswas, DL-C, Stinga: (0; + L)? (SIAM J.M.A, 2021).
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iFor which operators is valid a representation through an extension
problem?
@ Stinga and Torrea: L? (Comm. PDE 2010), and (0; — A)? in
(SIAM J.M.A, 2017).
e Biswas, DL-C, Stinga: (0; + L)? (SIAM J.M.A, 2021).
e Galé, Miana and Stinga (J. Evol. Eq., 2013) A% (A generator of
integrated family of operators).
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operator on some noncompact manifolds.

o Arendt, ter Elst and Warma (Comm. PDE, 2018): sectorial

operators in Hilbert spaces.
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iFor which operators is valid a representation through an extension
problem?
@ Stinga and Torrea: L? (Comm. PDE 2010), and (0; — A)? in
(SIAM J.M.A, 2017).
e Biswas, DL-C, Stinga: (0; + L)? (SIAM J.M.A, 2021).
e Galé, Miana and Stinga (J. Evol. Eq., 2013) A% (A generator of
integrated family of operators).

o Banica, Gonzéilez and Sdez (Rev. Mat. Iberoam., 2015)) and
Bhowmik and Pusti (J.F.A., 2022): the fractional Laplace Beltrami

operator on some noncompact manifolds.

o Arendt, ter Elst and Warma (Comm. PDE, 2018): sectorial

operators in Hilbert spaces.

o Kwasnicki and Mucha (J. Evol. Eq., 2018): ¢(—A), for ¢ a complete

Bernstein function.
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iFor which operators is valid a representation through an extension

problem?

Stinga and Torrea: L7 (Comm. PDE 2010), and (9 — A)? in
(SIAM J.M.A, 2017).

Biswas, DL-C, Stinga: (0; + L)? (SIAM J.M.A, 2021).

Galé, Miana and Stinga (J. Evol. Eq., 2013) A” (A generator of

integrated family of operators).

Banica, Gonzélez and Sdez (Rev. Mat. Iberoam., 2015)) and
Bhowmik and Pusti (J.F.A., 2022): the fractional Laplace Beltrami

operator on some noncompact manifolds.

Arendt, ter Elst and Warma (Comm. PDE, 2018): sectorial
operators in Hilbert spaces.

Kwasnicki and Mucha (J. Evol. Eq., 2018): ¢(—A), for ¢ a complete

Bernstein function.

Chen, Hauer and Weth (2023): for log(—A) on R€.
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The logarithmic Laplacian

@ Chen and Weth (Comm. PDE, 2019) defined log(—A) as

log(—A)u= —((—A)u)| , we CXRY).
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The logarithmic Laplacian

@ Chen and Weth (Comm. PDE, 2019) defined log(—A) as

log(—A)u= —((—A)u)| , we CXRY).

o F(log(—A)u)(&) = 2log [¢[a(¢).
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The logarithmic Laplacian

@ Chen and Weth (Comm. PDE, 2019) defined log(—A) as

log(—A)u = —((—A)°u) u € CX(RY).

o F(log(—A)u)(&) = 2log [¢[a(¢).

o log(—A)u(x) = ¢4 p.v. /Rd u(x)Xflix)ﬂ—d u(y)

dy + pqu(x).
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The logarithmic Laplacian

@ Chen and Weth (Comm. PDE, 2019) defined log(—A) as

log(—A)u = —((—A)°u) u € CX(RY).

o F(log(—A)u)(&) = 2log [¢[a(¢).

o log(—A)u(x) = ¢4 p.v. /Rd u(x)Xflix)ﬂ—d u(y)

dy + pqu(x).

o log(—A)u(x) well-defined for u Dini continuous at x € R, i.e.

/1 SUPy eB(x,r) |f(y) - f(X)|
0 r

dr < oo,
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The logarithmic Laplacian

@ Chen and Weth (Comm. PDE, 2019) defined log(—A) as

log(—A)u = —((—A)°u) u € CX(RY).

o F(log(—A)u)(&) = 2log [¢[a(¢).

o log(—A)u(x) = ¢4 p.v. /Rd u(x)Xflix)ﬂ—d u(y)

dy + pqu(x).

o log(—A)u(x) well-defined for u Dini continuous at x € R, i.e.

/1 SUPy eB(x,r) |f(y) - f(X)|
0 r

dr < oo,

1Rd) .— . Rd : [ (x)I
andueLo(R)._{f.R —R: /Rd(1+|x‘)ddx<oo .
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The logarithmic Laplacian

@ Chen and Weth (Comm. PDE, 2019) defined log(—A) as

log(—A)u = —((—A)°u) u € CX(RY).

o F(log(—A)u)(&) = 2log [¢[a(¢).

o log(—A)u(x) = ¢4 p.v. /Rd u(x)Xflix)ﬂ—d u(y)

dy + pqu(x).

o log(—A)u(x) well-defined for u Dini continuous at x € R, i.e.

/1 SUPy eB(x,r) |f(y) - f(X)|
0 r

dr < oo,

1Rd) .— . Rd : [ (x)I
andueLo(R)._{f.R —R: /Rd(1+|x‘)ddx<oo .
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Some applications/problems to study:
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* Ag_A)G =1+ a)\'fg(_A) +o(c), aso—0.
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Some applications/problems to study:

@ The Cauchy problem associated with log(—A).

@ Asymptotics, as 0 — 0, of the Dirichlet eigenvalues and
eigenfunctions of (—A)? on open bded Lipschitz sets.

* Ag_A)G =1+ a)\'fg(_A) +o(c), aso—0.

o s-dependent nonlinear Dirichlet problems, limit when s — 0T at its
relationship with log(—A).
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Extension for the logarithmic Laplacian

Def: f € AG(RY) when f € L} (R?) and 3C,0 > 0:

/ F(y)ldy < C(1+ |x])°, x € R%
B(x,1)
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Extension for the logarithmic Laplacian

Theorem (Chen,Hauer, Weth (2023))
For f € L§(R), the unique solution uf € C*(RL™) N AG(RY™) to

1
(82 + ?8t+A) ur(x,t) =0, xe€R%andt >0

satisfying
(i) = lim tOruf(-,t) = f in L}
t—0+

loc(Rd)v
(i) lim wuf(x,t) =0, for every x € R9,
t—o0

is given by

wixt) =5 [ 000

du, xeR9 t>0.

v
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Extension for the logarithmic Laplacian

Theorem (Chen,Hauer, Weth (2023))
For f € L§(R), the unique solution uf € C*(RL™) N AG(RY™) to

1
(82 + ?8t+A) ur(x,t) =0, xe€R%andt >0

satisfying
(i) = lim tOruf(-,t) = f in L}
t—0+

loc

(RY),

(i) lim wuf(x,t) =0, for every x € R9,
. L t—oo
is given by

1 oo
wlt) =5 [ e
0
(a) log(—=A)(f) = -2 IinS (ue(-, t) + flogt) + (2log 2 — )f in the
t—0+
distributional sense, and ptwise wherever f is Dini cont.

2
du, x € R% t > 0.Moreover,
u

v
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Extension for the logarithmic Laplacian

Theorem (Chen,Hauer, Weth (2023))
For f € L§(R), the unique solution uf € C*(RL™) N AG(RY™) to

1
(82 + ?8t+A) ur(x,t) =0, xe€R%andt >0

satisfying

(i) = lim torue(-,t) = f in LL (RY),
t—0*

loc

(i) lim wuf(x,t) =0, for every x € R9,
. L t—oo
is given by

1 oo
wlt) =5 [ e
0
(a) log(—=A)(f) = -2 IinS (ue(-, t) + flogt) + (2log 2 — )f in the
t—0+
distributional sense, and ptwise wherever f is Dini cont.

im ur(,t) (RY).
t—0+ logt

2
du, x € R% t > 0.Moreover,
u

=—finl}

loc

(b)

v
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The ideas behind this extension problem:

229711 (o)
_ o — _ H 1-20 —
(=AY f(x) d, tl—l>rg+ t Oru(x, t), d, F— o)
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The ideas behind this extension problem:
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The ideas behind this extension problem:

229711 (o)
_ o — _ H 1-20 2 \Y)
(=B)7F(x) = —d, lim £17270u(x, 1), d, o
— 2pd, lim YD U0 iy Y08 — ()
t—0+ t2o t—0+ t20

log(—A)f(x) = fim (ZAD() = F9)

o—0t g
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The ideas behind this extension problem:

229711 (o)
_ o — _ H 1-20 2 \Y)
(=B)7F(x) = —d, lim £17270u(x, 1), b = o)
— 2pd, lim YD U0 iy Y08 — ()
t—0+ t2o t—0+ t20

log(—A)f(x) = fim (ZAD() = F9)

o—0t ag
=— lim lim (zd(,i”(x’ £ =f) —f(x))
o—0+ t—0+ t2o o
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The ideas behind this extension problem:

229711 (o)
_ o — _ H 1-20 2 \Y)
(=B)7F(x) = —d, lim £17270u(x, 1), d, o)
— 20d, lim YD U0 g iy YD) Z 0
t—0+ t2‘7 t—0+ t2o’
_ _ e (FA%)F(x) — f(x)
log(—A)f(x) = al'_>r3+ .
— _ fim lim (gdaw " @)
o—0t t—0t teo o
= — |lim Iim (Udogw +2O-drr® 72(rd[,® + @)
o—0T t—01 o [d o o o
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The ideas behind this extension problem:

229711 (o)
_ o — _ H 1-20 2 \Y)
(=B)7F(x) = —d, lim £17270u(x, 1), d, o)
— 2pd, lim YD U0 iy Y08 — ()
t—0+ t2‘7 t—0+ t2o’
_ e (EATF(X) — £(X)
log(—A)f(x) = al'_>r3+ .
= — lim lim (zdaw + @)
o—0F t—07F t<o o
= — lim lim (Udﬁw —|—2(rd(,® ~20d, f(x) i f(X))
o—0t t—0+ o t2o o P e
. . 20d, — 1
=_ 0I|_)na+ tI_|>r(r)1+ (Ud[,v(,(x7 t) — Tf(x)) ,
_ 2 (ulxt) —f(x)
Vo(x,t) = . < e + f(x)).
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. 1 . 20d,—1
o lim od, = = _—
o—0*t o—07t g

=2(log2 — 7).

)

o log(—A)f(x) = 1 lim lim v,(x,t)+2(log2 — ~v)f(x),

o—0t t—07*

Vo(x, ) = ; (“(”)_f(x) + f(x))

t2(r
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. 1 . 20d,—1
o fim ody =5, Jim — — =2log2—1).
1
o log(—A)f(x)=—= lim lim Vo (x, t) + 2(log 2 — v)f(x),
oc—0* t—=0

)=
Vo(x,t) = ; ((22;“) - f(x))

pabet) = 2D o (121

Extension theorem for the logarithmic discrete Laplacian

Marta de Leén Contreras



1 2od, — 1
o lim od, = = lim 22

— =2(log2 — 7).
oc—0t 2’ o—0* o ( 8 ’Y)
1

o log(—A)f(x —5 UILna+ tILm Vo (x, t) + 2(log 2 — v)f(x),

)=
Vo(x,t) = ; ((22;“) - f(x))

pabet) = 2D o (121

g g

—20 __
= &/ f(y) d+20 dy - f(X) (tl)
7 Jus (x =y + )

a
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1 2od, — 1
o lim od, = = lim 22

— =2(log2 — 7).
oc—0t 2’ o—0* o ( 8 ’Y)
1

o log(—A)f(x —5 UILna+ tILm Vo (x, t) + 2(log 2 — v)f(x),

)=
Vo(x,t) = ; ((22;“) - f(x))

%vg(x, £) = ”(f_"’ D _ fx) (t_za - 1)

t2o o o

—20 __
= &/ f(y) d+20 dy - f(X) (tl)
7 Juo (x =y + )

g
T(d/2) ()
TP Je (k- y P+ )5

dy + 2f(x) log t.
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1 2od, — 1
o lim od, = = lim 22

— =2(log2 — 7).
oc—0t 2’ o—0* o ( 8 ’Y)
1

o log(—A)f(x —5 UILna+ tILm Vo (x, t) + 2(log 2 — v)f(x),

)=
Vo(x,t) = ; ((22;“) - f(x))

%vg(x, £) = ”(f_"’ D _ fx) (t_za - 1)

t2o o o

—20 __
= &/ f(y) d+20 dy - f(X) (tl)
7 Juo (x =y + )

g
T(d/2) ()
TP Je (k- y P+ )5

dy + 2f(x) log t.

log(—A)f(x)

B . r(d/2) [ f(y)
=2 t|—|>rg+ ( 27d/2 _/Rd (Ix —y]2+ t2)% dy + f(x) log t) +2(log 2 = 7)f (x).
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Extension for log(—A4)

The discrete Laplacian

The discrete Laplacian on Z, is defined, for f : Z — R, as

Agf(n):=f(n+1)+f(n—1)—2f(n), neLZ.
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Extension for log(—A4)

The discrete Laplacian

The discrete Laplacian on Z, is defined, for f : Z — R, as
Agf(n):=f(n+1)+f(n—1)—2f(n), neZ.

The solution to

Oru(t,n) = Agqu(t,n), neZ,t>0,

u(0, n) = f(n), nez,
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Extension for log(—A4)

The discrete Laplacian

The discrete Laplacian on Z, is defined, for f : Z — R, as
Agf(n):=f(n+1)+f(n—1)—2f(n), neZ.

The solution to

Oru(t,n) = Agqu(t,n), neZ,t>0,

u(0, n) = f(n), nez,

u(t,n) = e f(n) = p(j)f(n—J),

JEL
where p;(n) = e %t1,(2t), n € Z,t > 0, and

oo

0=S s ra(s)

m=0
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Extension for log(—A4)

Definition of log(—A,), Chen, Xu (2025)
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Extension for log(—A4)

Definition of log(—A,), Chen, Xu (2025)

o F((~Ag)F)(€) = 4sin? (£) F(¢)
— F((~0a)7F)(€) = (4sin ($)
— Fllog(~Ag)f)(€) = log (4sin
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(—=8q)

Definition of log(—A,), Chen, Xu (2025)

o F((~Ag)F)(€) = 4sin? (£) F(¢)
— F((-2a)7A)(©) = (45 (5)) " 7(©)
— F(log(—Ag)f)(€) = log (4sm (g)) f(e), €.

@ From the Frullani integral representation, for A > 0,

00—t _ At
log()\) = / %dt.
0
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Extension for log(— A 4)

Definition of log(—A,), Chen, Xu (2025)

0 f((—Am(g) = 4sin? () 7(¢)
— F((~Ag)° (45. (g)) £(€)
— F(log(— Ad)f)( ) =1 g(4sm (g)) f(e), €.

@ From the Frullani integral representation, for A > 0,

00—t _ At
log()\) = / %dt.
0

This formula motivates the definition

0 o—tf tAdf
Iog(—Ad)f:/ %dt.
0

Marta de Leén Contreras Extension theorem for the logarithmic discrete Laplacian



Extension for log(—A4)

Theorem (Chen, Xu (2025))
Let f € C.(Z). We have that

(log(—Aq)f)(n) = Y Wo(n— m)(f(n) — f(m))
meZ
m#n

=) Wa(n—m)f(m)—~f(n), nez, (1)

meZ

where the kernels Wy and W, are given by

Wo(m) = /01 @dt, Wi (m) = /loo L0

t

Here, p(m) = e 21}, (2t), m € Z and t > 0.

.

eldentity (1) is also valid for {f(m)}mez s.t. >,.cz \/1(:77‘)“ < 00.
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Extension for log(—A)

Extension problem for log(—A)

Theorem (Betancor, DL-C, Rodriguez-Mesa, 2026)

Let {f(m)}mez St D ez \l/f% < 00. We define
12

1 [ Kz
ur(n,t) = 5/ e”Adf(x)%du, n€Zandt>0.
0

v
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Extension for log(—A)

Extension problem for log(—A)

Theorem (Betancor, DL-C, Rodriguez-Mesa, 2026)

Let {f(m)}mez St D ez \l/f% < 00. We define
12

1 [ Kz
ur(n,t) = 5/ e”Adf(x)%du, n€Zandt>0.
0

Then,
(i) (02 + 20;+ Ad)ur(n,t)=0,n€Z and t > 0.

v
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Extension for log(—A)

Extension problem for log(—A)

Theorem (Betancor, DL-C, Rodriguez-Mesa, 2026)

Let {f(m)}mez St D ez \l/f% < 00. We define
12

1 [ Kz
ur(n,t) = 5/ e”Adf(x)%du, n€Zandt>0.
0

Then,
(i) (02 + 20;+ Ad)ur(n,t)=0,n€Z and t > 0.

(i) — lim tdrur(n,t) =1(n), n € Z.
t—0+

v
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Extension for log(—A)

Extension problem for log(—A)

Theorem (Betancor, DL-C, Rodriguez-Mesa, 2026)

Let {f(m)}mez St D ez \l/f% < 00. We define
12

1 [ Kz
ur(n,t) = 5/ e”Adf(x)%du, n€Zandt>0.
0

(ii
(ii

Then,
(i) ( l(‘?tJrAd)u,c(n t)=0,n€Zandt>0.
) — I|m tOcur(n, t) = f(n), n € Z.

)

I|m uf(n, t)=0,neZ.

v
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Extension for log(—A)

Extension problem for log(—A)

Theorem (Betancor, DL-C, Rodriguez-Mesa, 2026)

Let {f(m)}mez St D ez \l/f% < 00. We define
12

1 [ Kz
ur(n,t) = 5/ e”Adf(x)%du, n€Zandt>0.
0

,))r(l 13t+Ad)uf(n t)=0,n€Zandt>0.
(i) — I|m tOcur(n, t) = f(n), n € Z.
(i)
(iv)

I|m uf(n t)=0,neZ.
(Iog( a)f)(n) = =2 tlng(uf(n’ t)+ f(n)log t)+f(n)K, n € Z,
where K = 2(log2 — 7).

v
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Extension for log(—A)

Extension problem for log(—A)

Theorem (Betancor, DL-C, Rodriguez-Mesa, 2026)

Let {f(m)}mez St D ez \l/f% < 00. We define
12

1 [ Kz
ur(n,t) = 5/ e”Adf(x)%du, n€Zandt>0.
0

,))r(l 13t+Ad)uf(n t)=0,n€Zandt>0.
(i) — I|m tOcur(n, t) = f(n), n € Z.
(i)
(iv)

I|m uf(n t)=0,neZ.

(Iog( a)f)(n) = =2 tlng(uf(n’ t)+ f(n)log t)+f(n)K, n € Z,
where K = 2(log2 — 7).
Uf(n, t)

lim ———= = —f Z.
(v) 0" log t (n). n €

v
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Extension for log(—A4)

Some open problems:

e Which properties can we deduce for log(—Ay4) by using this

extension theorem?
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Extension for log(—A4)

Some open problems:

e Which properties can we deduce for log(—Ay4) by using this

extension theorem?

@ Inspired by the extension theorem for £° we can formulate an

extension theorem for log(L):

L5 log(L) = %ﬁs »
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Extension for log(—A4)

Some open problems:

e Which properties can we deduce for log(—Ay4) by using this

extension theorem?

@ Inspired by the extension theorem for £° we can formulate an

extension theorem for log(L):

L5 log(L) = %ﬁs »

What if we start by the extension of a family {¢s(£)}s, where each

¢s is a complete Bernstein function?

os(L)—7?
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Extension for log(—A4)
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o L(X,Y)={T € Y™ : Tis linear and bounded}
7] = sup{||T ()| : = € Sx}

o X* =L(X,K)

e /3, denotes the space K™ endowed with the norm

oo = max{|(@)] : i < n}

@ ¢o denotes the space of sequences converging to zero in K~ endowed with
the norm
[ #]loc = sup{la(i)] : ¢ € N}.



Norm Attaining Operators

An operator T in L(X,Y) is said to attain its norm if there exists o € Sx such

that

1T (o)l = [IT]|-
We denote by NA(X,Y) the collection of all norm attaining operators in
L(X,Y).
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Norm Attaining Operators

An operator T in L(X,Y) is said to attain its norm if there exists o € Sx such
that
IT (o)l = [IT]|-

We denote by NA(X,Y) the collection of all norm attaining operators in
L(X,Y).

Let T : R? — R be defined as

T(z,y)=x+y V(z,y) €R”
17| =|T(1,1)| =2 it TR floo) = (R, ].])
1

V2 V2

1T = ’T )‘ =v2 if T:®R%[2) = (R[]
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Norm Attaining Operators

An operator T in L(X,Y) is said to attain its norm if there exists o € Sx such
that
T (zo)ll = IT||-

We denote by NA(X,Y) the collection of all norm attaining operators in
L(X,Y).
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Norm Attaining Operators

An operator T in L(X,Y) is said to attain its norm if there exists g € Sx such
that
T (zo)ll = IT||-

We denote by NA(X,Y) the collection of all norm attaining operators in
L(X,Y).

Let T : co — R be defined as

If x€Se, |T(x)=

4/22



Norm Attaining Operators

Problem 1
Which Banach spaces X satisfy NA(X,K) = L(X,K) ?
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Norm Attaining Operators

Problem 1
Which Banach spaces X satisfy NA(X,K) = L(X,K) ?

Problem 2
Which Banach spaces X satisfy NA(X,K) = L(X,K) ?
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The Bishop-Phelps Theorem

Errett Bishop (1928-1983) Robert Phelps (1926-2013)

A PROOF THAT EVERY BANACH SPACE IS
SUBREFLEXIVE

BY ERRETT BISHOP AND R. R. PHELPS
Communicated by Mahlon M. Day, August 19, 1960

Bishop-Phelps Theorem (1961)

If X is a Banach space, then

NA(X,K) = L(X,K)
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The Bishop-Phelps Property

Problem 3

Which Banach spaces X and Y satisfy NA(X,Y) = L(X,Y) ?

ON OPERATORS WHICH ATTAIN THEIR NORM

BY
JORAM LINDENSTRAUSS(1)

Joram Lindenstrauss
(1936 - 2012)

Lindenstrauss (1963)

If X is reflexive = NA(X,Y)=L(X,Y) VY Banach.
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The Bishop-Phelps-Bollobas Theorem

AN EXTENSION TO THE THEOREM OF BISHOP AND
PHELPS

BELA BOLLOBAS

THEOREM |. Suppose x€ S, f€ S’ and | f(x)—1| < &*/2 (0 < & < $). Then there
Béla Bollobas exist ye S and ge S’ such that g(y) = 1, || f—gl < e and ||x—y| < e+&>.

(1936 - )

The Bishop-Phelps-Bollobas Theorem (1970)

If X is a Banach space then, for each 0 < € < 1 there exists n = n(e) > 0 such
that

If xz0€Sx, feScxk, |f(w)—1<n =
Eyo GSX7 gGSL(XJK):

g(yo) =1, lyo—=oll<e and |[g—fll <e.
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The Bishop-Phelps-Bollobas Property for Operators

Available online at www.sciencedirect.com —_—
JOURNAL OF

ScienceDirect Functional
Analysis

www.elsevier.com/locate/jfa

Journal of Functional Analysis 254 (2008) 27802799

The Bishop—Phelps-Bollobés theorem for operators

Maria D. Acosta*', Richard M. Aron"*?, Domingo Garcia “?,
Manuel Maestre ©2

(X,Y) has the Bishop-Phelps-Bollobas property (BPBp) for operators, if

for each 0 < € < 1, there exists 7 = n() > 0 such that
If zo€Sx, TEScxy)y, [T(o)]|>1-n =
Jyo € Sx, SES(;(X’y):

[S(wo)ll =1, llyo—xoll <e and [T <e.

Which pairs (X,Y) satisfy the BPBp?

9/22



[[T(xo)|| > 17

S(y
S (v0) Sy

S
[lyo — ol < ¢ [[S =Tl <e

10/22
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2022 The Bishop-Phelps-Bollobas theorem: an overview (Dantas, Sheldon -

Maestre, Manuel - Roldan, Oscar)

BPBp vy K 4 1% o ED co £ Ly loo
\24 X v v v v X X v
K v v v v v v v v v v
11% X v v v v v v v v v
£ X v v v v v v v v v
2 v v v v v v v v v v
(48 X v v v v v v v v v
ED. X v v v v v v v
co X v v v v v v'c v v
£ X v ' v v v v v v v
Ly v v v v v v v v v v
Lo X v v v v v Ve v v
Li(p) X v v v v Vo v v v v
Ly(n) v v v v v v v v v v
Loo(p) X v v VR|C v v v VR|C v
C(Ky) X v v /R‘c v v v /]R‘C v
Co(Ly) X v v v v v v v v
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2022 The Bishop-Phelps-Bollobas theorem: an overview (Dantas, Sheldon -

Maestre, Manuel - Roldan, Oscar)

BPBp | Li(v) Lg(v) |Loo(v) |C(K2) |Co(L2)
\ 24 X X X X

K v v v v v

e v v v v v

e v v v v v

e v v v v v

e, ViR, |V v v v
ED. v v v

€ Ve v v v v

£ v v v v v

¢, v v v v v

Loo v v VR VR

Li(w) |V v v,

Ly(p) |V v v v v
Loo(n) |V'c VRIC |VR VR

C(Ky) |V VRIC VR VR VR,

Co(L1) |Vc vc VR, |[VRI1, YR,
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Geometrical View in [—1,1]3

A SIMPLE PROBLEM
(1) [Ext(Bs )| =8
(2) (1/2,-1/2,1/4) € By,

(3) Write the point
(1/2,-1/2,1/4) as a convex
combination of 4 points in Ext(Bys_)
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A SIMPLE PROBLEM
(1) [Ext(Bs )| =8
(2) (1/2,-1/2,1/4) € By,

(3) Write the point
(1/2,-1/2,1/4) as a convex
combination of 4 points in Ext(Bys_)

v = (1,1,1)
vo = (=1,1,1)
v3 = (—1,—1,1)
vy = (—1,-1,—-1)
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Geometrical View in [—1,1]3

A SIMPLE PROBLEM

(1) [Ext(Byy ) =8 l<1p<ia<ija<l
(2) (1/2,-1/2,1/4) € By,
o —1/2+41
(3) Write the point (=1/2,1/4,1/2) = 5 Ul
(1/2,—1/2,1/4) as a convex 1/441/2
combination of 4 points in Ext(Bys_) Ty
1/2-1/4
n %3
/l’l:(]?]vl) +1_21/27/'4
vy = (—1,1,1)
v3 = (—1,—1,1)
v = (—1,—1,-1)
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Geometrical View in [—1,1]3

A SIMPLE PROBLEM

(1) [Ext(Byy )| =8
(2) (1/2,-1/2,1/4) € Bys_

(3) Write the point
(1/2,-1/2,1/4) as a convex
combination of 4 points in Ext(Bys_)

v =(1,1,1)

va = (—1,1,1)
vs = (~1,-1,1)
v = (~1,-1,-1)

—1<-1/2<1/4<1/2<1

(—1/2,1/4,1/2) = —L2 T~y

vy —wv2 +vg = (1,—

v1 —v2 +vq = (1,



The Unit Cube [-1,1]?

If P € Bys , then there exists an isometry T on £3,
such that

L v I(P) € co(v1,v2,vs,v4)

o
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The Pair (¢3,,Y) and the BPBp

If Y is a Banach space and n is a positive integer, we define

k
ML = {(yi)¢<n eY": Z(—l)j+1yij € By, V(i1,...,i) € In} .

Jj=1
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The Pair (¢3,,Y) and the BPBp

If Y is a Banach space and n is a positive integer, we define

k

ML = {(yi)¢<n eY": Z(—l)‘j+1yij € By, V(i1,...,i) € In} .

Jj=1

The space Y has the approximate hyperplane sum property for 0%, if for every
0 < e < 1 thereis 0 < y,(e) < € satisfying:

For every (yi)i<n € My, if 3 a nonempty A C {1,...,n} and y* € Sy= such
that y*(y:) > 1 — yn(e) for each i € A, then 3(z;)i<n € My satisfying:

T =

i€EA

|z — il <e Vi<n and = |4].
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Characterization of the BPBp for (¢,,Y)

Theorem (Acosta, Davila 2020)

Let Y be a Banach space. The pair (¢,,Y) has the BPBp if and only if Y has
the AHSp-¢%,.
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Characterization of the BPBp for (¢,,Y)

Theorem (Acosta, Davila 2020)

Let Y be a Banach space. The pair (¢,,Y) has the BPBp if and only if Y has
the AHSp-¢%,.

Spaces Y satisfying the AHSp-£%,

The approximate hyperplane sum property for £, is satisfied by several
important classes of Banach spaces Y:

o Finite-dimensional spaces
@ Uniformly convex spaces
o Y =1Li(p
(]

Spaces of continuous functions C(K)

17/22



Subspaces

Question: Inheritance of the BPBp to Subspaces

Let X and Y be Banach spaces. Suppose that the pair (X,Y") has the BPBp.

If Z is a closed subspace of X, does the pair (Z,Y) necessarily inherit the
BPBp?

1.00 1.00
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Thank you for your attention
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A-Forman-Ricci Curvature on graphs
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Ricci Curvature

Fundamental concept in Riemannian geometry, characterizing local geometric properties by
linking volume growth with geodesic dispersion.

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



Evolution of Discrete Curvatures

Several approaches exist to define curvature in graphs:
Ollivier-Ricci: Based on optimal transport and the Wasserstein metric.

Forman-Ricci (F): Combinatorial approach based on the Bochner Laplacian.

Fuv) = 4 — deg(u) - deg(v)

R. Reyes et al.

A-Forman-Ricci Curvature on graphs

May 29, 2026



Curvature 0
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Complete Graph Kg

A complete graph on n vertices (denoted as K,) is a graph where every pair of distinct
vertices is connected by a unique edge. For Kg:

Geometric Properties of Kg
e Vertices (n): 6
o Edges (m): %° =15
o Degree (6§ = A): 5 (5-regular graph)

Curvature Connection

As every vertex has deg(v) = 5, the standard
Forman-Ricci curvature for any edge is highly
negative:

F(uv)=4—-5-5=-6

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026




Augmented Forman-Ricci

Forman-Ricci (F): Combinatorial approach based on the Bochner Laplacian.
F(uv) =4 — deg(u) — deg(v)
Augmented Forman-Ricci (F3): Accounts for local cohesion via 3-cycles (triangles).

F3(uv) = F(uv) + 3 x (# of triangles)

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



F3(uv) =4 —-5—-5+3(4) =6.

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



A-Forman-Ricci Curvature (F))

General Definition

Fx(uv) = 4 — deg(u) — deg(v) + X - t{A containing uv}

Versatility of the parameter:
@ A\ = 0: Original Forman-Ricci curvature.
@ )\ = 3: Augmented Forman-Ricci curvature.

@ Allows tuning the importance of short cycles in the network.
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(D—()
(W—®

Fluv)=4-2-2=0,
F3(uv)=4-2-2=0,
i(uv)=4-2-2=0.

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



Complete K,

@‘@

4-3-3=-2,
F3(uv) =4—-3-3+3(2) =0,
4-3-31A2)=—2+2\

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



Properties in Specific Graphs

The behavior of Fy varies significantly depending on the topology:
e Complete Graphs (K,): Fx =6 —2n+ A(n— 2).
e Star Graphs (S,): F\, =4 — n (Independent of A, as there are no triangles).
e Cycles (C,,n>4): F\=0.
e Hypercubes (Q,): F\ =4 —2n.

F, efficiently detects "density” and connectivity types.

May 29, 2026
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Sharp Bounds

Let G be a graph with minimum degree § and maximum degree A. For any A € R, the
A-Forman-Ricci curvature satisfies:

Proposition 2.12
@ Casel: A >0

Fx(uv) <4 -2+ \A-1)

Equality is achieved if and only if G is a complete graph K.

@ Case 2: A\ <0
Fi(uv) <4—-20

Equality is achieved if and only if G is a d-regular tree.

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



3-regular tree
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Proposition 2.1: Bounds on Maximum Degree

Let G be a graph such that F, > k for some real constants A, k, and let A denote the
maximum degree of G.

Proposition
Q@ If A <0, then:

Q If0 <\ <2, then:

@ This proposition establishes an upper bound on the maximum degree A of a network
based on a lower bound of its A-Forman-Ricci curvature.
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Curvature Lower Bounds for Infinite vs Finite Graphs

Let G be a graph with at least 2 edges, minimum degree J, maximum degree A, and k € R
such that F), > k with A > 0.

o If A = o0, then:
A>1
o If A < oo, then:
P k—4+0+A
- A—-1

o Implication: For networks with infinite maximum degree, the weighting parameter A
must be at least 1 to sustain a uniform lower bound on the curvature.
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Optimal Lower Bounds in Terms of Vertices

Let G be a graph with n vertices and A € R.

Theorem (Lower Bounds)

Q If A <1, then:
Fx>6—2n+ A(n—2)

The equality holds if and only if G is the complete graph K.
Q If A > 1, then:
F)\ Z 4 —n

If X > 1, the equality holds if and only if G is a complete bipartite graph K; ,—; for some

1<t<n.

R. Reyes et al. A-Forman-Ricci Curvature on graphs
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Bipartite complete graph K3
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Optimal Upper Bounds in Terms of Vertices

Let G be a graph with n vertices and \ € R.

Theorem (Upper Bounds)

Q@ If A\ <1, then F\, <1 unless G = P>».

o If A <1, equality holds <— G = Ps.
o If A =1, equality holds <= G is either P; or C;.

Q If 1 <A <2, then F\ < A unless G = P,. Equality holds «<— G = G;.
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Metric graph

The distance dg(x,y) between two vertices x and y, in a connected graph G, is the minimum
length of the paths joining x and y in G.

The diameter of G, denoted by diam(G), is the maximum distance among all pairs of vertices
of G.

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



Discrete Bonnet-Myers Theorem

In Riemannian geometry, positive Ricci curvature implies a compact manifold with a bounded
diameter. The following theorem presents the discrete analogue for graphs:

Diameter Bound

Let G be a connected graph. Assume that Fy(uv) > k for all uv € E(G) under one of the
following conditions:

Q@ \<0and k>0
Q@ 0<A<2and k> A
Then, the diameter of the graph is bounded by:

diam(G) <2

R. Reyes et al. A-Forman-Ricci Curvature on graphs May 29, 2026



Polynomial volume growth.

Given any graph G, u € V(G) and p > 0, define
Bg(u,p) ={v € V(G): dg(v,u) < p}, vol (Bg(u,p)) =t Bc(u, p).

Note that vol (Bg(u,p)) = 1 for every 0 < p < 1, and vol (Bg(u, p)) = 1 + deg(u) for every
l<p<2

The polynomial growth order of a graph G as

inf {k>0: lim sup p~ < vol (Bg(u, p)) < oo}

p—00

One can check that this definition does not depend on the choice of u € V(G).
We say that G has (at most) polynomial volume growth if its polynomial growth order is finite.
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Volume Growth Limit

Manifolds with non-negative Ricci curvature exhibit at most polynomial volume growth.
Theorem 3.8 introduces this structural property into the discrete domain:

Theorem 3.8
Let G be a graph, and let A < 4/3 such that Fy(uv) > 0 for all edges uv € E(G).

Then, G is either a finite graph or its polynomial growth order is exactly 1.

@ This highlights a powerful constraint: non-negative A-curvature prevents exponential
explosion or high-dimensional polynomial expansion in infinite graph topologies.
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Isoperimetric constant

If G is a (finite or infinite) graph, we define the isoperimetric constant of G by

|0X]
X

i(G) := min

where |A| denotes the cardinality of the set A, 9X denotes the set of edges in E(G) having
one end in X and the other end in V(G) \ X, and the minimum is taken over all non-empty
finite subsets X C V/(G) satisfying | X| < [|V(G)|/2]
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Isoperimetric Constant and Curvature Bounds

The Cheeger-like isoperimetric constant i(G) relates to network boundary sizes. For graphs
with higher order, the parameter A bounds the global geometric expansion:

If G is a graph with more than 3 vertices and 0 < A < 2, then:

Fr<2—(2— \)i(G)

@ Sharpness: The equality in this inequality is strictly attained if G is the complete graph
Ky.

e This inequality establishes a direct link between graph spectral/isoperimetric properties
(i((G)) and the local A-Forman-Ricci curvature.
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Consider uv € E(G) and X = {u, v}. Since |V(G)| > 4,

i(6) < 15 = * (deg(u) + deg(v) —2).
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Consider uv € E(G) and X = {u, v}. Since |V(G)| > 4,

i6) < 152 = S (ceatu) + deg(v) - 2)
f#{triangles > uv} < min{deg(u),deg(v)} —1 < %(deg(u) + deg(v)) — 1,

and A > 0, we have for any uv € E(G),
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Consider uv € E(G) and X = {u, v}. Since |V(G)| > 4,
i(G) < ——— = =(deg(u) + deg(v) — 2).

1

#{triangles > uv} < min{deg(u),deg(v)} — 1 < =(deg(v) + deg(v)) — 1,

N

and A > 0, we have for any uv € E(G),
Fx(uv) = 4 — deg(u) — deg(v) + X - #{triangles > uv}
A
< 4 — deg(u) — deg(v) + E(deg(u) + deg(v) — 2)

=2—-(2- )\)% (deg(u) + deg(v) — 2).
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Thank Youl

Any Questions?

On X -Forman-Ricci curvature of networks.
J.A. Mendez-Bermudez R. Reyes J.M. Rodriguez  J.M. Sigarreta
RAIRO Operations Research, 59 (2025)
Geometric properties in graphs: A -Forman-Ricci curvature.
R. Reyes J.M. Rodriguez  J.M. Sigarreta  J.L. Sanchez-Santiesteban
submitted
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Introduction
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Motivation: From QGSW to Euler

QGSW Euler
Owwy + Uy - Vwy =0, 02 +v-VQ =0,
uy =V — A) Twy, v=vi-a)'q,
Walt=0 = wWo - Q=0 = Qo.
@ w,: potential vorticity @ Q: vorticity
@ uy: velocity field @ v: velocity field

@ /A = inverse Rossby radius

V-t = (=02,0), divuy =divy =0

Singular limit problem
Does wy — Q rigorously as A — 07 In which topology?

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 3/26



Background

Euler equations

@ Classical well-posedness theory: Gyunter (1926), Lichtenstein
(1927), Wolibner (1933), Kato (1967), Chemin (1998), Constantin
(2001), Majda and Bertozzi (2002)...

@ Yudovich (1963):global weak solutions for Qy € L' n L.

@ Vortex patches and V-states: Kirchhoff (1876), Deem and Zabusky
(1978), Burbea (1982), Hmidi, Mateu, and Verdera (2013), ...

QGSW equations

@ Vortex patches and V-states: Polvani (1988), Polvani, Zabusky,
and Flierl (1989), Ptotka and Dritschel (2012), Dritschel, Hmidli,
and Renault (2019), Hmidi and Roulley (2021), Roulley (2023),...

Blue: numerical studies

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 4/26



Overview of the convergence results

Theorem (Holder regime (0 < v < 1), M.—Mateu—Orobitg, 2026)

wox = Qo € ¢(R?). There exists T > 0 such that

lim sup [lwr(-, 1) —Q(-, b)||cy =0.
A=0tclo0,7]

Theorem (Yudovich regime, Houamed - M. 2025)

wox = Qo € L' N L>(R?), uniformly in X > 0. Then, for any t > 0, and
p € (1,00):

)I\ii)no (”vLA_1(W)\ - Q)HLOO([OJ];LZQLOO(]RZ)) + ”w)\ - QHL°°([0,t‘];LP(]R2))> =0,

IfQq is continuous then for any t > 0, lim_q ||wx — Q||Lm([07t];Lw(R2)) =0.

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 5/26



Result 1: Convergence in Holder Spaces
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Preliminaries: Holder and little Holder spaces

Let
7)) — f)l

1fllr = [Ifll o + sup
& L XF£Yy ‘X—}/|7

Definition

The Hélder space C” consists of all f with ||f||., < co.
The little Holder space ¢” is the subset of C” satisfying
f(x) — fY)

im sup XTIV 4
h=0 ocix—yl<h X =Y

Key property: ¢ is the closure of C* in the norm ||-||, .

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 7/26



Result 1: Statement

Theorem (Convergence in ¢?, M.—Mateu—Orobitg, 2026)

wox =S € cJ(R?;R). for0 < v < 1. Then there exist unique solutions
wr(, 1), Q(-, 1) in ¢(R? R) and a time T > 0 such that

lim sup [lwx(-f) —Q(:,t =0.
lim stp[lex(,0) = 20 Dl

Remarks:

@ Also true when the initial data for QGSW and Euler are different
but sufficiently close.

@ Existence and uniqueness for QGSW (and Euler) hold in the
classical Holder space C” for all time. (Euler: Majda and Bertozzi
(2002), QGSW: M.—-Mateu—Orobitg, (2026))

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 8/26



Sketch of the proof (1/3): Lagrangian formulation

@ Velocity from vorticity via convolution kernel:
fx 1 x
@ Flow map X)\(a, t): dd)?\ = U)\(X)\, t), X)\(Oé, 0) = .
@ Using divuy = 0 = det(VX,) =1 and

wa(X, 1) = wo (X, (X, 1), Qx,t) = wo (X (X, 1)).
@ The flow satisfies the closed ODE

dd)? = FA(X)), Fr(X)(a) = / Ka (X () = X(a)) wo(e) de'.

uy=Kyxwy, Kix)=

Does convergence of the flow maps X, — Xy imply convergence of the
vorticities wy — Q7?

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 9/26



Sketch of the proof (2/3): Uniform well-posedness and

flow convergence

@ We work in B = ¢'7(R?; R?) with the open set
Us={X=e+ex:exec", oxlear <6}, e(x)=x.

For small 6, each X € Us is bi-Lipschitz.

@ The operator F, satisfies: Fy : Us — ¢'*7 bounded and locally
Lipschitz, uniformly in A.

@ Picard-Lindelof = exists common T > 0 and unique flows
X)\ € C([07 T]: U5)

@ sup [|FA(X) — Fo(X)||g1» —= 0 + Gronwall = continuous
XeUs A—0
dependence on \: Xy — Xp in C([0, T]; ¢').

@ By Misiotek and Yoneda (2018, Lemma 2.2), we also have
X, = Xy tine!.

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 10/26



Sketch of the proof (3/3): Why little Holder?

Take wg € ¢7. For any n > 0 choose smooth ¢, with |lwg — ¢y|cv <7
(density in 7).

leoa(t) = 2Bl < [wo X = sG], + [0 = 6206 ,
SCIIwo—¢nllcw<Cn <C||Véyllev HX;LXO* ll oty
+[|en0G") = w06 -

~
<Cllwo—¢nllcv<Cn

Since 7 > 0 s arbitrary, we obtain lim |lwy — Q|j¢: = 0
_>

Key point: Density of smooth functions in ¢”. (Fails in C"!)

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 11/26



Result 2: Convergence in Yudovich Class
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Result 2: Statement

Theorem (Strong convergence in Yudovich class, Houamed—M.,

2025)

Letwp x, Qo € L' N L>(R2) uniformly in X, with

lim (HVLA’1(w07,\ — Qo)ll2 + llwor — QOHLZ) ~0.
A—0

Then forany t > 0 and p € (1, 0),

/{ii)“o (l’VLA_1(”/\ - Q)HLOO([o,t];LZmLoo(RZ)) + [l — Q||L°°([0,t];LP(R2))> =0,

If additionally Qg is continuous and ||wo.x — Qol|.~ — 0, then convergence
also holds in L*.

Remark: existence and uniqueness of solutions for all time (Euler:
Yudovich (1963), QGSW: M.-Mateu—Orobitg, (2026))

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 13/26



Core Idea: Extrapolation Compactness Method

A general strategy (Arsénio and Houamed (2024)):

@ Level 1: Prove convergence in a low-regularity space (slightly
better than B; ).

@ Level 2: Reduce convergence in L2 to evanescence of high
frequencies:

Jwx—=Qllz—=0 <<= |[1pse,wrllz—0

for some ©, — co with ©,|lw) — Q| -1+ — 0.
2,00

© Level 3: Show high frequencies vanish using a transport equation
estimate.

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 14/26



Level 1/3: Convergence in a Low-Regularity Space

Define X;, | : Il = |SoV+EAT |2 + supjso 27| Af|l 2.
So: low-frequency cut-off, A;: Littlewood—Paley blocks.

/{To Jwo,x — QO”xgjﬂ =0 = /\lf‘o lwx — Q”Loo([O,t]:ij;o) =0.

Idea of the proof:
@ Set f), = wy — Q. It satisfies

Otfy + v -V = (uy — V) - Vwy.
@ Low frequencies: energy estimate on SyV-A~'f;.
@ High frequencies: dyadic estimates + Bony decomposition +
commutators.
@ Both parts + Osgood’s lemma:

2 3 exp(—CuiT)
||f)\||L00([07T];X2*7;O) S (Hfo,/\HXg; + C**)\T) 2 .

Marc Magana Centelles (UAB) From QGSW to Euler 29/05/26 15/26



Level 2/3 — Reduction to High Frequencies
Jim flwx = Qoo o, rji2) =0 = lim 1110150592 | 1oo 10, 77,22) = O

for some ©, > 0 satisfying

)l\il;ﬂo @A = 0 and )I\[}no e)\ ||w,\ — QHLOO([OvTJ;XgT;O) = 0.

Idea: <" f e X3 <= SV'A~'fel? and (ld—So)f € B, .,

Il Lo (o, 7y502) S H30VLA_1"AH o120l oo 0. 7712

L>=([0,T];L?)

Level 1 —> —0 time continuity — —0

2 2
+ H]I\D|Z@xw>\HLOO([07T];L2) +O51I(1d _SO)fA||Loo([o,T];szj>o) :

eve 0
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Level 3/3: Evanescence of High Frequencies +
Conclusion

For ©, — oo with O |Ifolly1 — 0 and O VA =0,

lim |[110120, wx[| o (0, 72y = O

Key estimate for djwy + Uy - Vwy = 0,:
a,. . . .
Engh freq. of ‘*’AHZ < C||high freq. of ‘*’AHiz + (vanishing terms).

@ r.h.s terms comes from the interaction high-high: Vu, - wy,

@ The “vanishing terms” include: high freq. of initial data and products of
high freq. of Vu, with low freq. of w,.

@ Gronwall's lemma finishes the proof
Conclusion: By Level 2, [lwy — Q| 2 — 0; interpolation gives LP for

1< p<oo.
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Summary
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Summary and Comparison
Holder regime Yudovich regime

@ Initial data: ¢} @ Initial data: L' N L>®
@ Convergence: C” @ Convergence: [P, 1 < p<
@ Method: Lagrangian / flow @ Method: Eulerian /

maps Extrapolation compactness
@ Sharpness: ?77? @ Sharpness: YES!

Theorem (Houamed—M., 2025)

Take wo \ = Qo = 1p where D is a domain with rectifiable boundary
that is not a disk. Then

||w/\ — QHLOO((thtZ);Loo) >1 forany0 <ty < b.
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iGracias por vuestra atencion!
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Introduction

@ The Bergman space A%(DD) consists of the holomorphic functions on I such
that

WW—g/v )2dA(z) /u )Pz < oo,

In this space, we use the normalized area measure on D.

@ For Fock spaces, we use the Gaussian measure on C. The Fock space F?
consists of entire functions f: C — C such that

1913 =3 [ 17Pe *Faae) <o
T Jc

where dA is the Lebesgue measure on C.
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Introduction

@ The Bergman space A%(DD) consists of the holomorphic functions on I such
that

WW—g/v )2dA(z) /u )Pz < oo,

In this space, we use the normalized area measure on D.

@ For Fock spaces, we use the Gaussian measure on C. The Fock space F2
consists of entire functions f: C — C such that

110 =2 [ 1R aae) < oo

where dA is the Lebesgue measure on C.
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Introduction

Definition. The spaces F?

For 1 < p < oo and a > 0, the Fock space F? consists of the entire functions
f: C — C such that

ap

0 = 52 [ F@Pe ¥ ) < .
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Introduction

Definition. The spaces F?

For 1 < p < oo and a > 0, the Fock space F? consists of the entire functions
f: C — C such that

ap

0 = 52 [ F@Pe ¥ ) < .

For p = oo, the space F$° consists of the entire functions such that

«@ 2
1 £lloo,a = sup [ f(2)|e” 217 < oc.
z€C

The spaces F? are Banach spaces and, for p = 2, are separable Hilbert spaces. J
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For each measurable function f: C — C, p > 0 and r > 0, we denote

s = (5 | " |f<rei0>|d0)1/p, Mao(f,r) = sup |(2)].

2m |z|=r
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For each measurable function f: C — C, p > 0 and r > 0, we denote

1 27 . 1/p
My = (g [ 1enlan) L Mt = s 1566
The norms above can be computed as
o ap .2 J-
910 =ap [ My(Frre 7 dn |l = sup Mo for)e 5
0 r>
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We can also define the space f$° of entire functions f : C — C such that

lim |f(z)e 21 = 0.

|z| =00
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We can also define the space f$° of entire functions f : C — C such that

lim |f(z)e 21 = 0.

|z| =00
The inclusions between the spaces are as follows:

F!CFPCFICfrXCFY p<gq
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We can also define the space f$° of entire functions f : C — C such that

lim |f(z)e 21 = 0.

|z| =00
The inclusions between the spaces are as follows:

F!CFPCFICfrCF® p<q

The polynomials belong to F? and are dense in F? for 1 < p < 0.
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We can also define the space f$° of entire functions f : C — C such that

lim |f(z)e 21 = 0.

|z] =00
The inclusions between the spaces are as follows:
F!CFPCFICfrCF® p<q
The polynomials belong to F? and are dense in F? for 1 < p < co. For
l1<p<oocandl/p+1/qg=1,
(F2)* = F

(in the sense that there is a topological isomorphism).
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Vector-Valued Functions

We will suppose that X is a complex Banach space and consider vector-valued
functions f : C — X.

o We will work with vector-valued holomorphic functions.
e If f:C — X is entire, then there exist unique x, € X with n > 0 such that

f(Z) = Z Tp2",
n=0

for every z € C, where the convergence is absolute and uniform on compact
subsets.

o To integrate functions f : C — X, we use the Bochner integral.

Marc Ventura (UV) Some Results on Vector-Valued Fock Spaces EARCO 2026 6/28



Vector-valued Fock spaces

Definition. The spaces F?(X)

For a Banach space X, 1 < p < oo and a > 0, the Fock space F?(X) consists of
entire functions f: C — X such that

ap _ap|.2
1 = 52 [ IFGIPe#1 d: < oc

o FP(X) may be viewed as a subspace of LP(d\,p/2, X) where
v _ap|,2
Aapya(2) = 77’@ 21 GA(2).
For p = 00, F°(X) consists of entire functions f: C — X such that

_ o 2
£ lse.ax = sup ||£(z)]le 317" < oc.
zeC
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For o > 0, the space f3°(X) consists of entire functions f: C — X such that

lim [|f(z)[le” 31" = 0.
|z|—00

The spaces F?(X) and f3°(X) are Banach spaces. If H is a separable Hilbert
space, F2(H) is a separable Hilbert space.

The inclusions between the spaces are as follows:

Fo(X) C F§(X) C FA(X) C fX(X) C FE(X), p<aq
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Polynomials with coefficients in X belong to all these spaces. If we define
un(z) = 2™ and, for each z € X,

T @ up(z) =x2",

with n > 0, then

np
2\ 2 n
e @ unll”, x = ll2] <ap) r (; + 1) for 1 < p < o,

|3

n
& ® tnlloc.a.x = llel (=)
ae
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Weak versions of F?(X)

Definition. The spaces F¥?(X)

We define the space F'P(X) as the set of entire functions f : C — X such that

x*o f € FP forevery 2" € X*.

[fllwpox = sup[lz" o fllp,a-
lz* 1+ <1

F»P(X) can be identified isometrically with a subspace of B(X*, FP): each f is
identified with T : X* — F?, defined by

Tra* =a"o f.

F¥P(X) is a Banach space. J
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If the Banach space is a dual space, we have another weak version.

Definition. The spaces F**P(X*)

We define the space F**P(X*) as the set of entire functions f : C — X* such
that

fC)(x) € F?  for every z € X.

[fllwp.ox = sup £ ()(@)lp.a-
llzll<1
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If the Banach space is a dual space, we have another weak version.

Definition. The spaces F**P(X*)

We define the space F**P(X*) as the set of entire functions f : C — X* such
that

fC)(x) € F?  for every z € X.

[fllwp.ox = sup £ ()(@)lp.a-
llzll<1

This space is isometrically isomorphic to B(X, FP).
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Inclusions

Inclusions

FE(X) € FP(X)
FOP(X™) C FHP(XT)

If p = 0o, the spaces also coincide and their norms are equal.
If X is finite-dimensional, F?(X) = FP(X) and their norms are equivalent.
If X is reflexive, F}P(X*) = F**P(X*) and the norms coincide.

When do the spaces F?(X) and F*"?(X) coincide?
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Strict Inclusions

As a corollary of the characterization of the boundedness of the composition

operators Cy, : FYV'P(X) — F2(X) for 1 < p < oo, J. Chen, B. He and M. Wang
obtained the following result.

If X is an infinite-dimensional Banach space,

FR(X) ¢ FOP(X)

@ for 2 < p < oo (J. Chen, M. Wang, 2021).
e for 1 < p < 2 (J. Chen, B. He, M. Wang, 2025).
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The space F2(H)

If H is a separable Hilbert space with Hermitian inner product (-, -), then F2(H)
is a Hilbert space with inner product

(f.9) = /C (F(2) 9(=)e P dA(z),  f.g € F2(H),
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The space F2(H)

If H is a separable Hilbert space with Hermitian inner product (-, -), then F2(H)

is a Hilbert space with inner product

(f.9) = /C (F(2) 9(=)e P dA(z),  f.g € F2(H),

Orthonormal basis

An orthonormal basis of F2(H) is
{hm & en}m,n
where {h,; }men is an orthonormal basis of H and

€n = Un/||un||2,a~
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Membership condition for F?(H) and F“?(H)

Theorem

Let f: C — H be an entire function whose Taylor expansion is
f(z) =300 yzn2™. Then

o0
n! n!
o fEFAH) = > Tl < o0 and |fBan =Y o lleall®

n=0 n=0
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Membership condition for F2(H) and F

Theorem

Let f: C — H be an entire function whose Taylor expansion is
f(z) =300 yzn2™. Then

o0
n! n!
o fEFAH) = > Tl < o0 and |fBan =Y o lleall®

n=0 n=0

n!
o fe F»*(H Z—n Tn,x)|> < ooforallz e H.
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When p = 2 and H is a separable Hilbert space, we can give an explicit example
of a function showing that F2(H) C F*“2(H):

o It suffices to find a sequence (z,,) € H such that 3°7 /2 ||z,||? = oo and
S o (2, 2)|2 < oo forall z € H.

If (hy)n>0 is an orthonormal basis of H, we can take x,, = y/ %1 hy,.
° Zn 0 an ”mn”2 = 00,
o Yoo wl(wn, @) = o0 (@, ha) P = |2,

(O. Blasco, M. Ventura, 2026)
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Operator Interpretation

F*2(H) is isometrically isomorphic to B(H, F?).
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Operator Interpretation

F¥2(H) is isometrically isomorphic to B(H, F2).

What kind of operators are F2(H)?

Marc Ventura (UV) Some Results on Vector-Valued Fock Spaces EARCO 2026 17 /28



Hilbert—-Schmidt Operators

Definition. Hilbert—-Schmidt operators

Let H; and Hy be separable Hilbert spaces. An operator T' € B(H, Hs) is
Hilbert—Schmidt if, for every orthonormal basis {x,, }nen of Hy, we have

ITl%s =D ITenll? < co.

n=1

|l - ||rs does not depend on the orthonormal basis and defines a norm.

Theorem (O. Blasco, M. Ventura, 2026)

F2(H) is isometrically isomorphic to Bys(H, F2), identifying f with TY.
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Density of polynomials in F?(

Let 1 < p < co. The set of polynomials with coefficients in X is dense in F2(X).
These polynomials are also dense in f°(X).

@ The proof is based on the fact that if f € FF(X), 1<p<oo,or
f € f$°(X), then f can be approximated by f,.(z) = f(rz), 0<r<l

@ The Taylor series of f, converges absolutely in the norm of FP(X) and in
FS°(X), respectively.
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Density of polynomials in F?(

Let 1 < p < co. The set of polynomials with coefficients in X is dense in F2(X).
These polynomials are also dense in f°(X).

@ The proof is based on the fact that if f € FF(X), 1<p<oo,or
f € f$°(X), then f can be approximated by f,.(z) = f(rz), 0<r<l

@ The Taylor series of f, converges absolutely in the norm of FP(X) and in
FS°(X), respectively.

Are the polynomials also dense in F'?(X)?
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Projection Operator

For 1 <p < oo, for each f € FP(X)

f(z) = /C £ (w)e?*Pd g (1)

Definition of P, x

We define the projection operator P, x : LP(dAqp 2, X) — FE(X) by

Poxf(z) = /«: Fw)e®™ dAn (w).

The operator P, x is well defined and bounded. Moreover,

[Po, x| < 2.
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Duality in other spaces of vector-valued functions

Letl<p<oo 1/p+1/g=1.

LP(u, X)* = L, X*) <= X has the Radon—-Nikodym property
HP(X)" = HY(X") <= X has the UMD property
B,(X)* = B4(X™) without additional hypotheses
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Duality Theorem

Theorem
If 1 <p<ooand1/p+1/q=1, then the following duality results hold:

FR(X)* = F(X7)

[e%

Fo(X)" = Fo(X7)

These identities are understood as topological isomorphisms, not necessarily as
isometries. When X is reflexive, we also have
fEX) = F,

(a3

().
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Sketch of the proof

The isomorphism is defined as follows:

[':FI(X*) — FP(X)*

rg(f) = a /@ () (F(@)e I dA().

We may also consider

I': FR(X*) = FUX)*
and

I: FL(X") = f2(X)".

o Héolder's inequality shows that I'g is well defined and

11
ITgllFz ) <207 7q" [lgllg.0.x-,

allowing p to be 1 or oc.
Therefore, T' is linear and continuous in every case.
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g(z) =Y ap-2",
n=0
then
Lg(z @ up) = — a7, ()

Therefore, for surjectivity, if F € F2(X)* (or in the corresponding dual space), we
consider

where z} € X* is defined by
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Using the previous identity, if g belongs to F2(X™*) (or in the corresponding
space), then

n!
Tg(z@u,) = Jx:;(z) = F(z ®uy).

By linearity, the equality holds for polynomials; by density, it holds for every
function in F2(X).
o
Fe F}X)* = g€ FX(X).

Compute ||g|co,a,x+ directly.

FeFP(X)" = g€ FIX).

Show that

o) = a [ gD as
defines a linear and continuous functional

¢: LP(dA,X) — C.

Marc Ventura (UV) Some Results on Vector-Valued Fock Spaces EARCO 2026 25 /28



The boundedness of P, x implies the continuity of ¢.

(]
F e f2(X) = g€ Fy(X),

and a similar argument, which requires X to be reflexive plus the previously
proved result F1(X)* = F°(X™).

No additional geometric property of the Banach space X is needed. J
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Thank you for your attention!
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Preliminares

Definicién: un peso matricial W de tamafio N con soporte en (a, b) es
una funcién

W:R— MN((C)
tal que
@ W(x) es Hermitiana definida positiva a.e. en (a, b),
o W(x) =0 fuera de (a, b),
o [xx"W(x)dx < oo para todo n > 0.
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Preliminares

Definicién: un peso matricial W define un producto interno en el dlgebra
de polinomios matriciales My(C)[x],

(P.Q)w = /R POW(x)Q(x)"dx,

para todo P, Q € My(C)[x].
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Preliminares

Definicién: un peso matricial W define un producto interno en el dlgebra
de polinomios matriciales My(C)[x],

(P.Qw = [ PLOW(IQ() .
para todo P, Q € My(C)[x].

Con este producto interno se construye una unica sucesiéon de polinomios
ménicos ortogonales {Py(x)}n>0.
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Preliminares

Sucesién de polinomios ménicos ortogonales:

o deg(Py(x)) = n,
® Pn(x) =x"+x"1T, 1 +--- 4 To, Tj € My(C),
@ (Pp, Pm)w = 0 para todo n # m.
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Preliminares

Sucesién de polinomios ménicos ortogonales:

o deg(Pn(x)) = n,
® Pp(x)=x"1+x"1T,_1+---+ To, Tj € My(C),
e (P,, Pn)w = 0 para todo n # m.

Forman una base como My(C)-médulo de My(C)[x].
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Preliminares

Sucesién de polinomios ménicos ortogonales:
o deg(Pn(x)) = n,
() Pn( ) = x| 4+ x"~ 1Tn_1 4+ -+ To, TJ € MN(C),
@ (Pp, Pm)w = 0 para todo n # m.

Forman una base como My (C)-médulo de My (C)[x].
Siempre satisfacen una relacién de recurrencia de tres términos

Pn(x)x = Ppy1(x) 4+ BpPn(x) + CoPp—1(x)
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Preliminares

Sucesién de polinomios ménicos ortogonales:

o deg(Pn(x)) = n,
° Py(x)=x"I+x"1T,_14 -+ To, Tj € My(C),
@ (Pp, Pm)w = 0 para todo n # m.

Forman una base como My (C)-médulo de My (C)[x].
Siempre satisfacen una relacién de recurrencia de tres términos

Pn(x)x = Ppy1(x) 4+ BpPn(x) + CoPp—1(x)

(7 + By + Co” 1) - Pu(x) = Pp(x)x
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Preliminares

Consideramos operadores diferenciales de la forma

D =Y dF(x),
j=0

donde 9 = L y Fj(x) € Mn(C)[x].
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Preliminares

Consideramos operadores diferenciales de la forma
m .
D=) ¥Fx)
j=0
donde 9 = L y Fj(x) € Mn(C)[x].

Estos operadores acttian a derecha con la accién dada por

m

Q) D = 3" ¥ (Q))F(x).

j=0
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Problema de Bochner

Dado un peso matricial W, decimos que su sucesién de polinomios

ortogonales P,(x) es autofuncién de un operador diferencial D si se
cumple que

Pn(x)- D = N,(D)Pp(x), paratodo n>0,

con Ap(D) € My(C).
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Problema de Bochner

Dado un peso matricial W, decimos que su sucesién de polinomios
ortogonales P,(x) es autofuncién de un operador diferencial D si se
cumple que

Pn(x)- D = N,(D)Pp(x), paratodo n>0,

con Ap(D) € My(C).

Cuando esto ocurre, el operador diferencial D junto con el operador
discreto que define la relacién de recurrencia de tres términos
L=+ B,+ C,.”"1, se tiene que

Pn(x) - D = Ny(D)Pr(x),

L - Pp(x) = Pn(x)x.
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Problema de Bochner

Dado un peso matricial W, decimos que su sucesién de polinomios
ortogonales P,(x) es autofuncién de un operador diferencial D si se
cumple que

Pn(x)- D = N,(D)Pp(x), paratodo n>0,

con Ap(D) € My(C).

Cuando esto ocurre, el operador diferencial D junto con el operador
discreto que define la relacién de recurrencia de tres términos
L=+ B,+ C,.”"1, se tiene que

Pn(x) - D = Ny(D)Ps(x),
L - Pp(x) = Pn(x)x.

Decimos en este caso que la sucesién Pp(x) es biespectral.
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Problema de Bochner

Nos van a interesar en particular los pesos cuya sucesién sea autofuncién
de algln operador de segundo orden

Pn(x) - D = P!(x)Fa(x) + P, (x)F1(x) + Pn(x)Fo(x) = Ap(D)Pn(x).
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Problema de Bochner

Nos van a interesar en particular los pesos cuya sucesién sea autofuncién
de algln operador de segundo orden

Pn(x) - D = P!(x)Fa(x) + P, (x)F1(x) + Pn(x)Fo(x) = Ap(D)Pn(x).

El Problema Matricial de Bochner

Clasificar todos los pesos matriciales W de tamano N x N tales que su
sucesién de polinomios ortogonales P,(x) sea autofuncién de algtn
operador diferencial de segundo orden.
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Problema de Bochner

Nos van a interesar en particular los pesos cuya sucesién sea autofuncién
de algln operador de segundo orden

Pn(x) - D = P!(x)Fa(x) + P, (x)F1(x) + Pn(x)Fo(x) = Ap(D)Pn(x).

El Problema Matricial de Bochner

Clasificar todos los pesos matriciales W de tamano N x N tales que su
sucesién de polinomios ortogonales P,(x) sea autofuncién de algtn
operador diferencial de segundo orden.

El problema fue originalmente planteado y resuelto por S. Bochner en
1929 para el caso escalar.
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Problema de Bochner

Nos van a interesar en particular los pesos cuya sucesién sea autofuncién
de algln operador de segundo orden

Pn(x) - D = P!(x)Fa(x) + P, (x)F1(x) + Pn(x)Fo(x) = Ap(D)Pn(x).

El Problema Matricial de Bochner

Clasificar todos los pesos matriciales W de tamano N x N tales que su
sucesién de polinomios ortogonales P,(x) sea autofuncién de algtn
operador diferencial de segundo orden.

El problema fue originalmente planteado y resuelto por S. Bochner en
1929 para el caso escalar.

Luego, en 1997, A. Duran propuso la extensién de este problema al caso
matricial.
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Problema de Bochner

Caso escalar (N = 1): las dnicas soluciones, salvo un cambio de variables
afin, son las tres familias de pesos escalares clasicos
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Problema de Bochner

Caso escalar (N = 1): las dnicas soluciones, salvo un cambio de variables
afin, son las tres familias de pesos escalares clasicos

o Hermite :
wix)=e ", §=0%+0(—2x).
o Laguerre :
w(x) = x>, 04 =00*x+0(a+1—x).
@ Jacobi :

w(x) = (1= x)*(1 +x)”
Sap =0 (1 —x*)+0(B —a— (a+ B+ 2)x).

Ignacio Bono Parisi Matrix-valued Bispectrality 8 /30



Problema de Bochner

Los respectivos polinomios ortogonales cumplen

@ Hermite:
hn(x) - 6 = —2nhp(x),
o Laguerre:
8 (x) - 6, = —nt$(x),
o Jacobi:

p,(fvﬂ)(x) bap=-—n(n+a+p+ 1)Pr(1a’ﬂ)(x)-
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Problema de Bochner

Caso matricial (N > 1):
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Problema de Bochner

Caso matricial (N > 1):

Al principio no se encontraban ejemplos nuevos no triviales.
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Problema de Bochner

Caso matricial (N > 1):
Al principio no se encontraban ejemplos nuevos no triviales.

El primer ejemplo no trivial fue encontrado alrededor del 2001 por
Pacharoni, Tirao y Griinbaum a través de la teoria de representaciones.
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Problema de Bochner

Caso matricial (N > 1):
Al principio no se encontraban ejemplos nuevos no triviales.

El primer ejemplo no trivial fue encontrado alrededor del 2001 por
Pacharoni, Tirao y Griinbaum a través de la teoria de representaciones.

A partir de ahi la teoria cobra sus fuerzas y numerosos nuevos ejemplos
matriciales son encontrados utilizando diferentes técnicas.
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Problema de Bochner

Caso matricial (N > 1):
Al principio no se encontraban ejemplos nuevos no triviales.

El primer ejemplo no trivial fue encontrado alrededor del 2001 por
Pacharoni, Tirao y Griinbaum a través de la teoria de representaciones.

A partir de ahi la teoria cobra sus fuerzas y numerosos nuevos ejemplos
matriciales son encontrados utilizando diferentes técnicas.

Sin embargo, el problema de clasificar todas las soluciones seguia estando
lejos de resolverse.
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Problema de Bochner

Un paso en la direccién correcta para la clasificacién del problema
matricial de Bochner fue comenzar a estudiar el algebra D(W).
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Problema de Bochner

Un paso en la direccién correcta para la clasificacién del problema
matricial de Bochner fue comenzar a estudiar el algebra D(W).

Definicion: sea W un peso matricial, se define el algebra D(W) como

m

D(W) =D =) F(x) : Pa(x)- D =Ny(D)Pn(x)
j=0
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Problema de Bochner

Un paso en la direccién correcta para la clasificacién del problema
matricial de Bochner fue comenzar a estudiar el algebra D(W).

Definicion: sea W un peso matricial, se define el algebra D(W) como

m

D(W) =D =) F(x) : Pa(x)- D =Ny(D)Pn(x)
j=0

Definicion: dado un peso W de tamafio N, decimos que D(W) es
completa si existen N operadores no nulos Di, ..., Dy tales que

D;D; =0 paratodo i # j

y D1 + -+ + Dy estd en el centro de D(W).
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Problema de Bochner

Definicién: Decimos que un peso W es una transformacion de Darboux
de otro peso W, si existe una factorizacion

D = D;D; € D(W)

tal que B

Pn(x) - D1 = ApPn(x).
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Problema de Bochner

Definicién: Decimos que un peso W es una transformacion de Darboux
de otro peso W, si existe una factorizacion

D = D;D; € D(W)

tal que

Pn(x) - D1 = ApPn(x).

En ese caso, se cumple que al conmutar los factores,

D = DDy ests en D(W)
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Problema de Bochner

En 2022, bajo una hipdtesis extra, Casper y Yakimov dan el primer
teorema de clasificacién para el caso matricial del problema de Bochner.
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teorema de clasificacién para el caso matricial del problema de Bochner.

Teorema de Clasificacién (R. Casper y M. Yakimov)

Sea W un peso N x N solucién al problema matricial de Bochner,
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Problema de Bochner

En 2022, bajo una hipdtesis extra, Casper y Yakimov dan el primer
teorema de clasificacién para el caso matricial del problema de Bochner.

Teorema de Clasificacién (R. Casper y M. Yakimov)

Sea W un peso N x N solucién al problema matricial de Bochner,
entonces D(W) es completa si y solo si W es una transformacion de
Darboux de un peso diagonal

wi(x) ... 0
W(x)=wm(x)®--own(x)=| T
0 ... wn(x)
donde wy, wy, ..., wy son pesos escalares cldsicos de Hermite, Laguerre o

Jacobi.
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Problema de Bochner

Ejemplo 2 x 2:
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Problema de Bochner
Ejemplo 2 x 2: el peso matricial

ax 1

W(x) = e (1 + o aX)

tiene un operador de orden 2 en su 3lgebra,
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Problema de Bochner

Ejemplo 2 x 2: el peso matricial

e (1+a%x% ax
W(x)=e ( ax 1 )

tiene un operador de orden 2 en su 3lgebra,

> —2x  2a %£+2 0
preo(F0 2)- (32 2)eom
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Problema de Bochner
Ejemplo 2 x 2: el peso matricial

ax 1

W(x) = e (

14 a?x? ax)
tiene un operador de orden 2 en su 3lgebra,

_ 4
02/+a(§x _2§X>—<a2§2 g)eD(W)

22

y proviene de una transformacién de Darboux del peso diagonal de Hermite

Ignacio Bono Parisi Matrix-valued Bispectrality 14 / 30



Problema de Bochner

Esta hipdtesis extra de que el dlgebra D(W) sea completa era lo
suficientemente natural como para englobar practicamente todos los
ejemplos de la literatura.
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Problema de Bochner

Esta hipdtesis extra de que el dlgebra D(W) sea completa era lo

suficientemente natural como para englobar practicamente todos los
ejemplos de la literatura.

Hasta que encontramos que algunas soluciones al problema matricial de
Bochner no cumplen con esa condicién y se escapan de esta clasificacion.
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Ejemplos singulares al problema de Bochner

El peso matricial 2 x 2 del tipo Hermite dado por

W) = e <e2bx +a’x?> ax

ax 1

), a,b,e R — {0},
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Ejemplos singulares al problema de Bochner

El peso matricial 2 x 2 del tipo Hermite dado por

W) = e <e2bx +a’x?> ax

ax 1), a,b,e R — {0},

cumple que el operador

2 —2x +2b  —2abx +2a -2 0
D_3l+8< 0 oy 1o 0

estd en D(W), luego es solucién al problema matricial de Bochner.
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Ejemplos singulares al problema de Bochner

El peso matricial 2 x 2 del tipo Hermite dado por

2 (€2 4 a%x? ax
W(x)=e ( ax 1), a,b,e R — {0},

cumple que el operador

2 —2x +2b  —2abx +2a -2 0
D_8l+8< 0 oy 1o 0

estd en D(W), luego es solucién al problema matricial de Bochner.

Calculando operadores en D(W) de distintos érdenes obteniamos que
todos eran combinaciones de potencias de D.
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Ejemplos singulares al problema de Bochner

Finalmente, logramos demostrar el siguiente teorema sobre la estructura
de D(W)
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Ejemplos singulares al problema de Bochner

Finalmente, logramos demostrar el siguiente teorema sobre la estructura
de D(W)

Teorema (. B. P. - I. Pacharoni)

El dlgebra D(W) es un &lgebra polinomial sobre el operador de segundo
orden D, es decir, D(W) = C[D].

Ignacio Bono Parisi

Matrix-valued Bispectrality 17 / 30



Ejemplos singulares al problema de Bochner

Finalmente, logramos demostrar el siguiente teorema sobre la estructura
de D(W)

Teorema (. B. P. - I. Pacharoni)

El dlgebra D(W) es un &lgebra polinomial sobre el operador de segundo
orden D, es decir, D(W) = C[D].

Como consecuencia directa, obtenemos el siguiente corolario.

Corolario (I. B. P. - I. Pacharoni)

El dlgebra D(W) no es completa, luego W no es una transformacién de
Darboux de ninguna diagonal de pesos escalares cldsicos.
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Ejemplos singulares al problema de Bochner

Finalmente, logramos demostrar el siguiente teorema sobre la estructura
de D(W)

Teorema (. B. P. - I. Pacharoni)

El dlgebra D(W) es un &lgebra polinomial sobre el operador de segundo
orden D, es decir, D(W) = C[D].

Como consecuencia directa, obtenemos el siguiente corolario.

Corolario (I. B. P. - I. Pacharoni)

El dlgebra D(W) no es completa, luego W no es una transformacién de
Darboux de ninguna diagonal de pesos escalares cldsicos.

Llamamos a este peso Ejemplo singular del problema matricial de
Bochner.
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Ejemplos singulares al problema de Bochner

Inmediatamente, nos dimos cuenta que podiamos generalizar este ejemplo
a tamainos mas grandes.
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Inmediatamente, nos dimos cuenta que podiamos generalizar este ejemplo
a tamanos mas grandes. Y podiamos hacerlo con cualquier familia
(Hermite, Laguerre o Jacobi).
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Ejemplos singulares al problema de Bochner

Inmediatamente, nos dimos cuenta que podiamos generalizar este ejemplo
a tamanos mas grandes. Y podiamos hacerlo con cualquier familia
(Hermite, Laguerre o Jacobi).

Tomamos la matriz nilpotente

0 a2 0 0 0 O
0 00 0 0 O
0 d» 0 a3 0 0
A=|0 0 0 0 00 . s eR—{0}.
0O 0 O a4 0 as
0 00 0 0O

NxN
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Ejemplos singulares al problema de Bochner

Consideramos los pesos diagonales construidos con pesos escalares
wi, ..., wy del mismo tipo tales que w;/w; no es una funcién racional.
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Ejemplos singulares al problema de Bochner

Consideramos los pesos diagonales construidos con pesos escalares
wi, ..., wy del mismo tipo tales que w;/w; no es una funcién racional.

Explicitamente, si wp(x) = e‘X2+2bXY
Wa,p(x) = (1 —x)*(1 + x)B, tenemos
@ Hermite:

Wo(x) = e *x% y

Wii(x) = wp, (x) @ - - & wpy (x), con b; # by.
Q Laguerre:

WL(X) = Wo, (X) B -+ B Wo,(x), con o — o & Z.
© Jacobi: N
WJ(X) = W011ﬁ1(x) S D WOéNﬁN(X)v con
ap — Q; QZOﬂ,’—ﬂj gZya1+ﬁ1:aj+ﬁj+l+(—1)j.
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Ejemplos singulares al problema de Bochner

Construimos los pesos matriciales de tamafio N x N

@ Hermite: N
Wh(x) = T(x)Wh(x) T(x)",

o Laguerre: .
Wi(x) = TOWL) T(x)7,

@ Jacobi: .
Wi(x) = T(x)Ws(x) T(x)*

donde T(x) = e™ =/ + Ax.

Matrix-valued Bispectrality 20 / 30
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Ejemplos singulares al problema de Bochner

Para estos pesos obtuvimos que
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Ejemplos singulares al problema de Bochner

Para estos pesos obtuvimos que

Teorema (I. B. P. - |. Pacharoni)
Sea W = Wy, W,, o W, entonces existe

D = 2*p(x)| + OF1(x) + Fo € D(W),

donde p(x) = 1,x, o 1 — x? dependiendo si el peso es de Hermite,
Laguerre, o Jacobi, respectivamente.
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Ejemplos singulares al problema de Bochner

Para estos pesos obtuvimos que

Teorema (I. B. P. - |. Pacharoni)
Sea W = Wy, W,, o W, entonces existe

D = 2*p(x)| + OF1(x) + Fo € D(W),

donde p(x) = 1,x, o 1 — x? dependiendo si el peso es de Hermite,
Laguerre, o Jacobi, respectivamente.

Es decir, todos son solucién al problema matricial de Bochner.
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Ejemplos singulares al problema de Bochner

También probamos lo siguiente
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Ejemplos singulares al problema de Bochner

También probamos lo siguiente

Teorema (I. B. P. - I. Pacharoni)

Sea W = Wy, W,, o W,. Entonces, el dlgebra D(W) es un élgebra
polinomial sobre D, es decir, D(W) = C[D].
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Ejemplos singulares al problema de Bochner

También probamos lo siguiente

Teorema (I. B. P. - I. Pacharoni)

Sea W = Wy, W,, o W,. Entonces, el dlgebra D(W) es un élgebra
polinomial sobre D, es decir, D(W) = C[D].

Como consecuencia, al igual que en el ejemplo 2 x 2, concluimos lo
siguiente.

Corolario (I. B. P. - I. Pacharoni)

El dlgebra D(W) no es completa, luego W = Wy, W;, o W, no es una
transformacién de Darboux de ninguna diagonal de pesos escalares
clasicos.
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Transformacién de Darboux

Volvamos a la transformacién de Darboux.
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Transformacién de Darboux

Volvamos a la transformacién de Darboux.

Consideramos la relacién entre pesos matriciales

W~ W si y solo si W es una transformacién de Darboux de W.
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Transformacién de Darboux

Volvamos a la transformacién de Darboux.

Consideramos la relacién entre pesos matriciales
W ~ W siy solo si W es una transformacién de Darboux de W.

Esta relacidn define una relacién de equivalencias entre pesos matriciales
con soporte en el mismo intervalo.
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Transformacién de Darboux

Clases de equivalencia para los pesos escalares clasicos:
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Transformacién de Darboux

Clases de equivalencia para los pesos escalares clasicos:
o (shifted) Hermite :

2
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Transformacién de Darboux

Clases de equivalencia para los pesos escalares clasicos:
o (shifted) Hermite :

2
wp(x) = e X2 x e R beR.

Wp ~ W, si y sblo si b= a.

o Laguerre :
Wo(x) = x%e™™, x€(0,00), a>-1.

Wo ~wgsiysblosia—f€Z

e Jacobi :
Wos(x) = (1 - x)*(1+x)?, xe(-1,1), a,8> -1
Waﬂww&gsiysélosia—l—ﬂz&—kﬁya—&'éZ.
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Transformacién de Darboux

La transformaciéon de Darboux también nos permite relacionar las dlgebras
de los pesos.
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Teorema (. B. P - |. Pacharoni)

Si W es una transformacién de Darboux de W, con D = D1 D, como en la
definicién, entonces

DiD(W)D> c D(W) y D,D(W)D; C D(W).
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Transformacién de Darboux

La transformaciéon de Darboux también nos permite relacionar las dlgebras
de los pesos.

Teorema (. B. P - |. Pacharoni)

Si W es una transformacién de Darboux de W, con D = D1 D, como en la
definicién, entonces

DiD(W)D> c D(W) y D,D(W)D; C D(W).

M3s atin, tenemos que D(W) es conmutativa si y solo si D(W) es
conmutativa. )

Ignacio Bono Parisi Matrix-valued Bispectrality 25 / 30



Transformacién de Darboux

Ejemplo:

W) = e (1+a2x2 alx) ) = (e—x2 0 )

ax

con D = D1D> € D(W).
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Transformacién de Darboux

Ejemplo:

W) = 2 (1+a2x2 ax) ) = (e—xz 0 >

ax 1

con D = D1D, € D(W). Luego D(W) contiene los siguientes operadores
de orden 2

1 0 0
Ey =D (0 0> Dy, E = D» (0 0> Dy,

0 0 0 0
Es =D, <1 0) Dy, Es = Dy <o 1) Dy.
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Transformacién de Darboux

Teorema: el dlgebra D(W) estd generada por {/, E1, Ep, E3, E4}.
2x  —2a-2 2+% 0

G )3 )0 o)
-1 ) (0 2 (0 0
0o 0 -2 2 0o &)

2,2 2 22°+4
oo f—ax  a*x* -1 —2a  2x(a*+2) 0 a2
Es =0 ( 1 ax ) +0 < 0 0 + | 4 aO ,

a2
—2a—-%  22°x+4
+8< aO S aX&—F x>
a

27 / 30



Muchas gracias por escuchar

)
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Boundary value problems via weights

Problem

Goal: to use weights to study BVPs for Laplace's equation
Av(z) =0, zeQ
in graph Lipschitz domains in the plane with rough data:

Q

Graph Lipschitz Domain
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The Dirichlet problem
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@ The Dirichlet problem
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Let g € LP(0%,ds), g: 02 — R. We want to solve

Av=0 inQ,
v=g on 09Q.



Boundary value problems via weights

The Dirichlet problem

The Dirichlet problem

Let g € LP(0%,ds), g: 02 — R. We want to solve
Av=0 inQ,
v=g on 09Q.

What does v = g on 02 means?
Q La()

Non-tangential convergence
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The Dirichlet problem

Additional estimate

LP-solvability of the Dirichlet problem

Fix Q and p € (1,00). Can we solve
Av =0 in Q,
v=2g on 012,
“Ma(V)HLP(aQ,ds) Sa “g||LP(8Q,ds)

for every g € LP(0Q, ds)?
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The Dirichlet problem

Additional estimate

LP-solvability of the Dirichlet problem

Fix Q and p € (1,00). Can we solve

Av =0 in Q,
v=g on 89,
“Ma(V)HLP(aQ,ds) Sa Hg”LP(aQ,ds)

for every g € LP(0Q, ds)?

Here,

Ma(v)(€) = esrqu) v(z)], €€0Q,

is the non-tangential maximal operator.



Boundary value problems via weights

The Dirichlet problem

Additional estimate

LP-solvability of the Dirichlet problem

Fix Q and p € (1,00). Can we solve

Av =0 in Q,
v=2g on 012,
HMa(V)”LP(aQ,ds) Sa HgHLP(E)Q,ds)

for every g € LP(0Q, ds)?

Theorem (Kenig '80)

Jde = ¢(2) > 0 such that the Dirichlet problem is solvable in
LP(0Q2, ds) for every p € (2 —¢,00).
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The Dirichlet problem

|dea: conformal mapping

Notice that
Av=0inQ < A(vod)=0inR%,

and
v=gond) < vod=godon 8R2+.

R2 o 9)

v=uod!

v

Equivalent Dirichlet problems

god
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The Dirichlet problem

Equivalent problems

Av =0 in Q,
v=g on 09,
[IMa(V)lleo0,ds) S 181l Leo9,ds)»
if and only if v = uo &1 with
Au=0 in R3,
u=god on R,
[Ma(u)llr o) < llg © Pllejor))-



Boundary value problems via weights

The Dirichlet problem

Equivalent problems

Av =0 in Q,
v=g on 09,
[IMa(V)lleo0,ds) S 181l Leo9,ds)»
if and only if v = uo &1 with
Au=0 in R3,
u=god on R,
[Ma(u)llr o) < llg © Pllejor))-

The natural candidate is

u:Py*(godD)(x), (X>y)ER3-'
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Problem in the upper-half plane

For this solution, we have

Ma(Py * (g © ®)) Sa Mhni(g © ®)(x).
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Boundary value problems via weights

The Dirichlet problem

Problem in the upper-half plane

For this solution, we have

Ma(Py * (g © ®)) Sa Mhni(g © ®)(x).

So we reduce the problem to the estimate:

[Mpi(g o @)ooy S llg 0 Pllogr,jor))-

Here comes weighted theory.
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The Dirichlet problem

Crash course on weighted theory

The Hardy-Littlewood maximal operator is defined as
Mpf(x) = sup 7 /|f )| dy.
I>x ‘I’

Well-known:
My Lp—>Lp, pG(l,OO).
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The Dirichlet problem

Crash course on weighted theory

The Hardy-Littlewood maximal operator is defined as

Mh/f sup|/|/|f |dy

I15x

Well-known:

M LP(w) — LP(w),  p € (1,00).



Boundary value problems via weights

The Dirichlet problem

Crash course on weighted theory

The Hardy-Littlewood maximal operator is defined as

Mh/f sup|/|/|f |dy

I15x

Well-known:
My LP(w) — LP(w), pe(1,00).
We define A, as the class of weights w such that
w e Ay <= My LP(w) = LP(w)

1 1
— Slép @HHQHLP(W)HHQW ||Lp’(w) < 0.



Boundary value problems via weights

The Dirichlet problem

Back to the problem

So if we want to have

[IMu(@)llrr,jor) S lELo(r, o))

for every g € LP(R, |9']) we need |¢'| € A,,.



Boundary value problems via weights

The Dirichlet problem

Back to the problem

So if we want to have

[IMu(@)llrr,jor) S lELo(r, o))
for every g € LP(R, |9']) we need |¢'| € A,,.
To sum up:

If |#'| € A, = Dirichlet problem solvable in LP(A, ds).
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The Dirichlet problem

Crash course on weights: continuation

@ It is known that
’d)/’ € As.
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@ It is known that
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@ The Ap-classes are nested:
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The Dirichlet problem

Crash course on weights: continuation

@ It is known that
’d)/’ € As.

@ The Ap-classes are nested:
A1 CA3/2 CAC...
Hence

|®'| € A, C A, Vp>2.

@ The A,-classes are self-improving: if w € A, there exists
€ >0 such that w € A,_..
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The Dirichlet problem

Crash course on weights: continuation

@ It is known that
’¢/| € As.

@ The Ap-classes are nested:
Al CA3/2 CA2C...

Hence
|®'| e A, C A, Vp>2.

@ The A,-classes are self-improving: if w € A, there exists
€ > 0 such that w € A,_.. Hence, there exists € > 0 such
that

|(D/| € Ar_..



Boundary value problems via weights
The Dirichlet problem

Crash course on weights: continuation

@ It is known that
’¢/| € As.

@ The Ap-classes are nested:
Al CA3/2 CA2C...

Hence
|®'| e A, C A, Vp>2.

@ The A,-classes are self-improving: if w € A, there exists
€ > 0 such that w € A,_.. Hence, there exists € > 0 such
that

¢ € Apc CAC ...



Boundary value problems via weights
The Dirichlet problem

Theorem (Kenig, 1970s)

Let Q be a graph Lipschitz domain. There exists e = £(2) > 0
such that the Dirichlet problem is solvable in LP(A, ds) for every
p€E(2—e¢,00).

More precisely, it is solvable in LP for every p > pq, where

pa = inf{q € [1,00) : |®'| € Ag}.
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We have
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Boundary value problems via weights

The Dirichlet problem

Endpoint results: Lorentz spaces

We have
[Pl [P — [PP — [PoO
What are the weights w such that

Mp: LPE(w) — LP(w)?

We obtain a new (bigger) class in this case:

w e AZ} = My LPH(w) = LP®(w)

1 _
— Sl(J\)P @HHQHLPJ(W)”]IQW 1||Lp’~>o(w) < 0.
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We cannot solve the Dirichlet problem in LP(9%2, ds) for
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The Dirichlet problem

Dirichlet endpoint

We cannot solve the Dirichlet problem in LP(9%2, ds) for

p=pqg=2—¢c. Can we solve it in the smaller space
LP1(0Q, ds)?

Theorem (Carro, Ortiz-Caraballo, '18)

Let Q be a graph Lipschitz domain. Given p € (1,00), the
Dirichlet problem is solvable in LP1(9<, ds) if |®'| € AR.




Boundary value problems via weights
The Dirichlet problem

Dirichlet endpoint

We cannot solve the Dirichlet problem in LP(9%2, ds) for

p=pqg=2—¢c. Can we solve it in the smaller space
LP1(0Q, ds)?

Theorem (Carro, Ortiz-Caraballo, '18)

Let Q be a graph Lipschitz domain. Given p € (1,00), the
Dirichlet problem is solvable in LP1(9<, ds) if |®'| € AR.

This condition is satisfied only in some cases.



Boundary value problems via weights

The Dirichlet problem

Recap

The general strategy is the following:
© Find a solution in ]Ri to your boundary value problem.

@ Estimate the non-tangential maximal operator of this solution
in the function space of interest.

© Transfer the estimate to the graph Lipschitz domain.
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The Neumann problem: LP-solvability

The Neumann problem

LP(0%2, ds)-Neumann problem:

Av =0 in Q,
ozv =" on 09,
[IMa(VV)lp00,d5) S I Il e (00,ds)-

Theorem (Dahlberg, Jerison, Kenig, '80s)

If Q is a Lipschitz domain, there exists € > 0 such that the
Neumann problem is solvable in LP for every p € (1,2 + ¢).
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The Neumann problem

LP(0%2, ds)-Neumann problem:

Av =0 in Q,
ozv =" on 09,
[IMa(VV)lp00,d5) S I Il e (00,ds)-

Theorem (Dahlberg, Jerison, Kenig, '80s)

If Q is a Lipschitz domain, there exists € > 0 such that the
Neumann problem is solvable in LP for every p € (1,2 + ¢).

What is the weighted-theory reason behind this?



Boundary value problems via weights
The Neumann problem: LP-solvability

The Neumann problem

LP(0Q2, dv)-Neumann problem:

Av =0 in Q,
ozv="f on 01,
[IMa(V V) ro.dr) S 1 llea0,dv)-

Theorem (Dahlberg, Jerison, Kenig, '80s)

If Q is a Lipschitz domain, there exists ¢ > Q such that the
Neumann problem is solvable in LP for every p € (1,2 + ¢).

What is the weighted-theory reason behind this?
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Corresponding problem

The corresponding problem in R%r is

) Q
T T

v=uod!

[
Ogu = (g o ®)|¥'] = Tn(g)



Boundary value problems via weights

The Neumann problem: LP-solvability

Corresponding problem

The corresponding problem in Ri is
R2 ® )
T T

v=wuod!

|
Onu = (g 0 ®)|?'| = Tn(g)

The norm of the datum on ]R{%r is

11l Lo(o92,dv) = [IFo®l Lo o |(wow)) = II(FoP) ||| Lo(r |07 [1-p (vob)) -



Boundary value problems via weights

The Neumann problem: LP-solvability

Corresponding problem

The corresponding problem in R%r is

) Q
T T

v=uod!

So it seems like we need to solve the following problem on Ri:

[
Ogu = (g o ®)|¥'] = Tn(g)

Au=0inR3,
Osu =g on R,
[Ma(Vu)ll oo p—rwod)) S Ifllew,j0r1-r(vob))-
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The Neumann problem: LP-solvability

Candidate for a solution: Neumann integral

The solution now is given by the Neumann integral:

1 V1 — 12+ 3
ug.n(yi, y2) = _77/R|Og g(t) dt,

c€R2.
1—|—|t’ (Y17)/2) +
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The Neumann problem: LP-solvability

Candidate for a solution: Neumann integral
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The Neumann problem: LP-solvability

Candidate for a solution: Neumann integral

The solution now is given by the Neumann integral:

1 V1 — 12+ 3
ug.n(yi, y2) = _77/R|Og g(t) dt,

c€R2.
1—|—|t’ (Y17)/2) +

We have

Vg n(x,y) = (Qy * g(x), =Py x g(x)),

We need to control

Ma(|Vug nl)-
Before we controled M, by My,.



Boundary value problems via weights

The Neumann problem: LP-solvability

Candidate for a solution: Neumann integral

The solution now is given by the Neumann integral:

1 V1 — 12+ 3
ug.n(yi, y2) = _77/R|Og g(t) dt,

1+ |t]

(v1,y2) € R?.

We have

Vg n(x,y) = (Qy * g(x), =Py x g(x)),

We need to control

Ma(|vug,N|)-

Before we controled M, by Mp;. Now we need something else...



Boundary value problems via weights

The Neumann problem: LP-solvability

Control of the gradient of u, y

Theorem (Carro, Naibo, Ortiz-Caraballo, '23)

Letn € (0,1). Given g € LL(R), there exists an n-sparse family of
cubes S (depending on g) such that

Mo(|[Vungl) S Asg
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The Neumann problem: LP-solvability

Control of the gradient of u, y

Theorem (Carro, Naibo, Ortiz-Caraballo, '23)

Letn € (0,1). Given g € LL(R), there exists an n-sparse family of
cubes S (depending on g) such that

Mo(|[Vungl) S Asg

Here,

Asg(x) =Y (lgl)olo-

QeS
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The Neumann problem: LP-solvability

End of the proof

If
&P 0 @) € A,

then

[IMa(Vung)ll e jorpi—rwod)) S AsE Lo (R o/ 1—p(vod))

S gl e, jor-p(vos))-



Boundary value problems via weights

The Neumann problem: LP-solvability

End of the proof

If
&P 0 @) € A,

then

[IMa(Vung)ll e jorpi—rwod)) S AsE Lo (R o/ 1—p(vod))

S gl e, jor-p(vos))-

The set of p's for which the Neumann problem is solvable in
LP(0Q,v) is

R(v) = {p € (1,00) : [0/ P(v0 ®) € Ay}.
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Case of arc-length measure: v =1

If v =1, then
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The Neumann problem: LP-solvability

Case of arc-length measure: v =1

If v =1, then
O P(o®) = (B[P € A, = || € Ay,
This holds for
/

p 6(2_6,700) — p€(172+€)a

as we wanted to see.



Boundary value problems via weights

The Neumann problem: LP-solvability

Case of arc-length measure: v =1

If v =1, then
/7 P(rod) = [d|1PEA, <= |¥|cAy,

This holds for

/

p 6(2_6,700) — p€(172+€)a

as we wanted to see.
So
R(1) = {p € (1,00) : [¥'|'""P € A;} = (L, (p)").
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Contenido

© The Neumann problem: LP1-solvability
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The set of p's for which the Neumann problem is solvable in
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R() = {p € (1,o0) : [/ P(v 0 ®) € Ay},
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The Neumann problem: LP‘l—solvabiIity

Range of solvability

The set of p's for which the Neumann problem is solvable in
LP(0Q,v) is

R() = {p € (1,o0) : [/ P(v 0 ®) € Ay},

We remark that:
@ It may be empty.
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The Neumann problem: LP‘l—solvabiIity

Range of solvability

The set of p's for which the Neumann problem is solvable in
LP(0Q,v) is
R(W) = {p € (1,00) : [/]'P(v 5 ®) € A,}.
We remark that:

@ It may be empty.
o If R(v) # @, itis an interval (p_, p1).
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The Neumann problem: LP‘l—solvabiIity

Range of solvability

The set of p's for which the Neumann problem is solvable in
LP(0Q,v) is

R() = {p € (1,o0) : [/ P(v 0 ®) € Ay},

We remark that:
@ It may be empty.
o If R(v) # @, itis an interval (p_, p1).

Can we solve it at p € {p_, p+} in a smaller space than LP?



Boundary value problems via weights

The Neumann problem: LP‘l—solvabiIity

Range of solvability

The set of p's for which the Neumann problem is solvable in
LP(0Q,v) is

R() = {p € (1,o0) : [/ P(v 0 ®) € Ay},

We remark that:
@ It may be empty.
o If R(v) # @, itis an interval (p_, p1).

Can we solve it at p € {p_, p+} in a smaller space than LP?

We distinguish two cases:
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The Neumann problem: LP‘l—solvabiIity

LPL(A, v)-solvability

Consider

Av=0 in €,
ov=g on 0%,
[Ma(VV)|poo00,0) S €l Ler09,0)-

The norm of the boundary datum can be written as

Tn(g

lellirsonon = 0 Olinsce opon) = | o |
LP1(R,d(v))
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The Neumann problem: LP‘l—solvabiIity

Estimate on R

It turns out that the estimate that we need to have in Ri is

H-AS(TN(g)) < HTN(g)
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The Neumann problem: LP‘l—solvabiIity

Estimate on R

It turns out that the estimate that we need to have in Ri is

H-AS(TN(g)) < HTN(g)
'] poo@o@w) N 1]

LP1(R,®(v))

Definition (B.Y.-Carro '25)

We say that (u,v) € S¥ if

57]71"7‘/ || f||LP’1(R,V)
LP:®(R,v)

HAg(fu)
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Boundary value problems via weights

The Neumann problem: LP‘l—solvabiIity

Estimate on R

It turns out that the estimate that we need to have in Ri is

H-AS(TN(g)) < HTN(g)
'] poo@o@w) N 1]

LP1(R,®(v))

Definition (B.Y.-Carro '25)

We say that (u,v) € S¥ if

[

u

57]71"7‘/ || f||LP’1(R,V)
LP:®(R,v)

We need
(|9'], d(v)) € SK.



Boundary value problems via weights

The Neumann problem: Lp‘l—solvability

Solvability at LP=1(A, dv)

Theorem (B.Y.-Carro '25)
Let v € Axo(N) be such that

R(v) = (p-,p+) # 2.

Let
p <€ {p—,ps+} C(1,00).
If
(|9'], ®(v)) € S,

then the Neumann problem is solvable in X = LP-1(0Q, dv) with
Y = LP(9Q, dv).




Boundary value problems via weights
The Neumann problem: Lp‘l—solvability

Sufficient condition for ‘SZ,z

Theorem (B.Y.-Carro '25)

Assume u and v are weights, with v € A, such that

Q) (3) (@

SE’P |o| Q) ! <o

and such that
% € Ap(u) and u € AZf, <%> , or % € Az,a(u) and u € Ay (%) .

Then (u,v) € SK.
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Sufficient condition for ‘SZ,z

Theorem (B.Y.-Carro '25)

Assume u and v are weights, with v € A, such that

sup Q) () (Q)
o 1Qv(Q)

< 00,

and such that

v RV v R v
;€ Ap(u) and u € Ay (;) , o —¢€ Ay (u) and u € Ay (;) .

Then (u,v) € SK.

Remark: y
€ Ap(u) <= M,: LP(v) — LP(v).
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Assume u and v are weights, with v € A, such that

o Q) (@
Q. 1QIv(Q)

< 00,

and such that

% € Ap(u) and u € AZ} <%> , or % € Az,a(u) and u € Ay (%) .

Then (u,v) € SK.

If v =u=|®'|, the conditions are u € AZ;‘;(R) or u € Ay(R).



Boundary value problems via weights

The Neumann problem: Lp‘l—solvability

Sufficient condition for ‘SZ,z

Theorem (B.Y.-Carro '25)

Assume u and v are weights, with v € A, such that

Q) (3) (@

SE’P |o| Q) ! <o

and such that

% € Ap(u) and u € AZ} <%> , or % € Az,a(u) and u € Ay (%) .

Then (u,v) € SK.

V

If v =u=|®'|, the conditions are u € AZ;‘;(R) or u € Ay(R). So if
|®'| € AR | the problem is solvable in LP21(5Q, ds).



Boundary value problems via weights

The Neumann problem: LP‘l—solvabiIity

Example: cone with power weights, endpoint case

Corollary (B.Y.-Carro '25)

The Neumann problem is solvable in LP=1(0Q, ) for 9Q a cone of
angle ar (with a € (0,2)) and v(&) = |¢|P if

af > —1,
B> —1.
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The Neumann problem: LP‘l—solvabiIity

Some open questions

@ Optimality of the conditions. For example, does
LP(A, v)-solvability of the Neumann problem imply
|®/|17P(v 0 @) € Ay (R)?

o Cancellative sparse domination for M (Vug n), where,

[Vugn(x,y)| = \/(Qy * g(x))? + (Py * g(x))*.



Boundary value problems via weights
The Neumann problem: LP‘l—solvabiIity

Some open questions

@ Optimality of the conditions. For example, does
LP(A, v)-solvability of the Neumann problem imply
|®/|17P(v 0 @) € Ay (R)?

o Cancellative sparse domination for M (Vug n), where,

[Vugn(x,y)| = \/(Qy * g(x))? + (Py * g(x))*.

This would give another proof for HZ,-solvability.



Boundary value problems via weights

The Neumann problem: LP‘l—solvabiIity

Some open questions

@ Optimality of the conditions. For example, does
LP(A, v)-solvability of the Neumann problem imply
|®/|17P(v 0 @) € Ay (R)?

o Cancellative sparse domination for M (Vug n), where,

[Vugn(x,y)| = \/(Qy * g(x))? + (Py * g(x))*.

This would give another proof for HZ,-solvability.

@ Characterisation of SZ}.



Boundary value problems via weights

The Neumann problem: LP‘l—solvabiIity

iGracias!

jGracias!
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DETERMINANTAL POINT PROCESSES

m A point process is a random variable that outputs a discrete
set of points.
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DETERMINANTAL POINT PROCESSES

m A point process is a random variable that outputs a discrete
set of points.

m We call it a Determinantal Point Process with kernel K when
joint intensities are given by pg(Xs, ..., Xg) = det K(x;, X;).

m They can be used to produce Monte-Carlo methods:

/f(X)dX%I:IZf(Xn) MN:%Z%%C’X




RANDOM NORMAL MATRICES

m Fix a potential weight Q : C — R.

m RNM Model: N x N complex normal matrices with the
probability measure:

lefNTrQ(M)dM
N




RANDOM NORMAL MATRICES

m Fix a potential weight Q: C — R.
m RNM Model: N x N complex normal matrices with the
probability measure:

lefNTrQ(M)dM
N

m The eigenvalues form a projection DPP with kernel

N—1
Kn(z,w) = e~ (@@+AW) N p,(z)p;(w)

j=o

for the orthonormal polynomials

/ p;i(2)pr(2)e "D dA(2) = 6 .
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m The spectrum tends to accumulate in a compact set called

the droplet S.
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DROPLET AND EQUILIBRIUM MEASURE

m The spectrum tends to accumulate in a compact set called
the droplet S.

m The empirical measure converge weakly to o = %AQXSdA.
m The Ginibre ensemble is the simplest of these models:
Q(2) = |21, o = 7 Xp-




WASSERSTEIN DISTANCE

Given two probability measures y, v the Wasserstein distance is

Wy (p, v) = <inf {/d(x7y)2 dr(x,y) : = has pu,v as marginals })




WASSERSTEIN DISTANCE

Given two probability measures y, v the Wasserstein distance is

Wy (p, v) = <inf {/d(x7y)2 dr(x,y) : = has pu,v as marginals })

m This quantifies of the approximation in the sense:
Wo(i, do) — 0 <= /fdu,\,—>/fda W eC

m It has the lower bound W, (uy, dx) > N~ 4.

m For iid points in dimension 2, EW,(uy, dx) ~ 1;%”
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m One can perform a smoothing via the heat equation:

|
|

m Fix a convex set Q. Let ut, vt be
Ot = Dxpr X €Q
Oppt =0 X €00
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HEAT SMOOTHING

m One can perform a smoothing via the heat equation:

|
|

m Fix a convex set Q. Let ut, vt be

Ot = Dxpr X €Q
Oppt =0 X €00

Mo = [
m Then we are going to consider
Wa(p, v) < Wo(p, pit) + Wa(pt, vt) + Wa (v, 1)



APPROXIMATION TERM

m If Pi(x,y) is the heat kernel, then u:(x) = [ Pi(x,y)du(y).
m It satisfies the following dispersion property:

/Q X —yPPe(x,y)dy <t




APPROXIMATION TERM

m If Pi(x,y) is the heat kernel, then u:(x) = [ Pi(x,y)du(y).
m It satisfies the following dispersion property:

/Q X —yPPe(x,y)dy <t

m This implies

N=

Wo(p, pt) + Wa(v,1r) St




MAIN TERM

m The main tool is Peyre’s result relating W, with negative

Sobolev norms
W, ) < 2sup { | [ e =) [ 19Pde <.




MAIN TERM

m The main tool is Peyre’s result relating W, with negative
Sobolev norms
; /\Vﬂzdut < 1}.

m If we assume that v(x) > dx in Q we can write

Wa(ie, 1) < 25up {\ [ =

1

o 2
Wa(pt, vt) S (Z " |1(Pr) — V(%) )

k>1

B This is because the heat kernel can be written as

P:(X,¥) = > ko e—“kgzbk(x)gzbk(y) for the Neumann
eigenfunctions A¢, = — Ao



OBTAINED INEQUALITY

m Allin all we have seen

1
2

gt

kR>1

Wy, v) S5 + (Z : N (e - u(qbk)z)




OBTAINED INEQUALITY

m Allin all we have seen

; e*)\kt
W2(:u7 V) 5 t2 + Z

kR>1

1

(¢r) — V(¢k)2)

m When there are random points, we can pass to the
expectation:

1

.
EW,(un,v) Stz + (Z " E|un(or) — v(or)l? )

k>1




OBTAINED INEQUALITY
m Allin all we have seen

1 el 1
Wal, ) ST+ | D =5 —lu(de) = v(su)l | -

kR>1

m When there are random points, we can pass to the
expectation:

e~ Mt

EW,(un,v) St ta + (Z " Elun(or) — v(dr)? )

k>1

m So we need to study

E|un(or) — v(or)]? = ‘/d)kd PN — V)




HEAT SMOOTHING INEQUALITY

Given a sequence of measures uy on a convex domain €, and a
limit measure v with same mass and v > dx on ©, assume we
have the bound
Ab
Elun(or) — v(r)1* S Na'

Let v = 5504- Then

m EWs(un,v) S 7+ |fb+ > 1.
| EWz(MN, )

< V'°g |fb1L

~




HEAT SMOOTHING INEQUALITY

Given a sequence of measures uy on a convex domain €, and a
limit measure v with same mass and v > dx on ©, assume we
have the bound

Ab
Elun(sr) ~ v(#) < 35
Let v = 5504- Then
m EW,(un,v) S py ifb+ 9 >

m EW,(un,v) S VBN ifb 4+ 9 =1

~

We are going to use the bound withb=0and a = 1:

Elun(pr) — v(dr)? S

Z\—‘




RNM: SCHEME

Let z,...,zy be given by the RNM model, for a suitable potential
Q having a convex droplet S, then

]

|
EW,(uy, o) < Y2

N




RNM: SCHEME

Let z,...,zy be given by the RNM model, for a suitable potential
Q having a convex droplet S, then

l0og N
EW,(uy, o) < Y2

N

m Previous results were
known for the Ginibre
ensemble.

m Divide the plane in three
regions:

» The bulk Sy
» The edge Ey
» The outside region




FAR AWAY POINTS

m The points tend to accumulate in the droplet, so we expect
very few points to be far away from it.

m In fact there is an exponential decay to the probability.
m It is easy to get

o 1
EW, <MN|(C\(ENUSN)7,UN((C\(EN U SN))U(EE,’\V,)> = N




EDGE

m This is the region where we have less tools to control the
points.

m | have generalized a proof by Prod’Homme for the Ginibre
ensemble, so that now works for general potentials.

m It involves iterative splittings of the edge, and comparing
each piece with its two halves.

m We get
vIogN
VN

EW, (MN(EN)»MN(EN) U’EN)) S

O‘(EN




BULK

m In the bulk we have the uniform bound

|K(z,z) — No(2)| < C.




BULK

m In the bulk we have the uniform bound

|K(z,z) — No(2)| < C.

m We can apply the heat smoothing distinguishing two cases:

m CASE 1: There are few points # {z, € Sy} < JE# {z, € Sn}-

m CASE 2: There are enough points to apply the heat
smoothing between ps, and 1(Sn) ~

(SN)




BULK

m In the bulk we have the uniform bound

|K(z,z) — No(2)| < C.

m We can apply the heat smoothing distinguishing two cases:
m CASE 1: There are few points # {z, € Sy} < JE# {z, € Sn}-
m CASE 2: There are enough points to apply the heat

smoothing between ps, and 1(Sn) ~ (SN)
» Here we need to study the statistics

% Z dr(Xn) —

XnESy

= Var (K, > ¢>k(xn)> o| [ ate) (k- o)

Xn€Sy

E

2
S

==




COMMENTS

m After bounding each part independently it is left to prove

EW, (M(C\SN)GE " 11(Sn)

1
o(E) a(sN)“'S“"’> SN




COMMENTS

m After bounding each part independently it is left to prove

#(C\Sw) p(S)
s (5 ol g ien) 5

s
N

m We “lose” the logarithmic factor in two places:
» In the edge, due to not having rotational invariance.
» In the bulk, due to the Neumann eigenfunctions having a
sharp cut-off.
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Sine Gordon Equation

The sine—Gordon equation is a classical scalar field equation:
Uy — Uxx +sin(u) =0 t,xeR (SG)

The equation is known to be have integrable regularity (Lax—Pair formulation, Backlund
transform, infinitely many conserved quantities, soliton resolution).
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Sine Gordon Equation

The sine—Gordon equation is a classical scalar field equation:
Uy — Uxx +sin(u) =0 t,xeR (SG)

The equation is known to be have integrable regularity (Lax—Pair formulation, Backlund
transform, infinitely many conserved quantities, soliton resolution).

By Inverse Scattering one can construct explicit solutions as the breathers, localized in
space and periodic in time:

Bcos(at)

2, 52 _
acosh(Bx)’ o+

Bg(x,t) = 4arctan

Sergio Moroni BCAM Breaking of Breathers by a Defect 31 May 2026 2/13



Sine Gordon Equation

The sine—Gordon equation is a classical scalar field equation:
Uy — Uxx +sin(u) =0 t,xeR (SG)

The equation is known to be have integrable regularity (Lax—Pair formulation, Backlund
transform, infinitely many conserved quantities, soliton resolution).

By Inverse Scattering one can construct explicit solutions as the breathers, localized in
space and periodic in time:

Bcos(at)

2, 52 _
acosh(Bx)’ o+

Bg(x,t) = 4arctan

For 0 < |B| « 1 the breather disproves asymptotic stability of the vacuum solution: Bg is
a small perturbation of 0 which does not converge to 0 for large times.

Sergio Moroni BCAM Breaking of Breathers by a Defect 31 May 2026 2/13



Linear Dynamics

Consider the Linear Klein—-Gordon equation, for V a real-valued compact perturbation of
_8XX
Up—Uxx + 1+ V(X)=tug+Lu=0 (LKG)
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Linear Dynamics

Consider the Linear Klein—-Gordon equation, for V a real-valued compact perturbation of
_8XX
Up—Uxx + 1+ V(X)=tug+Lu=0 (LKG)

The operator L is self adjoint and has essential spectrum oess = [1,00), and point

N
spectrum o4 = {“/41},':1 U {uls}:\g with associated eigenfunctions {¢/’}/Ii1 , {ei M,

A€ (~00,0), i [0.1)
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Linear Dynamics

Consider the Linear Klein—-Gordon equation, for V a real-valued compact perturbation of
_8XX
Up—Uxx + 1+ V(X)=tug+Lu=0 (LKG)

The operator L is self adjoint and has essential spectrum oess = [1,00), and point

spectrum o4 = {uj“}]’\; U {uls}:\g with associated eigenfunctions {¢/’}/Ii1 , {ei M,
Aj€(=00,0), pje[0,1)

By superposition principle for linear equation, a solution of the evolution equation (1) is

given by

N M
u(x, t) = > aje Nty + 3 (Bicos (1) +visin (t/157)) ¢i+r(X, 1)
j=1 i=1

NE—
unstable direction oscillating internal modes

The remainder r satisfies the estimate ||r(x, )| $ 2
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Small Breathers Formation

The rise of small breathers is mainly linked to two phenomena

Linear Resonance The linearized operator for equation (SG) L := -0xx + 1 has a
spectral resonance at the bottom of the continuous spectrum

[1=1, 1el=\[?

10. Gomide, M. Guardia, T. M-Seara, C. Zeng (2025): On small breathers of nonlinear Klein-Gordon equations via
exponentially small homoclinic splitting. Inventiones mathematicae

2H. Segur, M. D. Kruskal. (1987) :Nonexistence of small-amplitude breather solutions in phi 4 theory. Physical
review letters
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Small Breathers Formation

The rise of small breathers is mainly linked to two phenomena

Linear Resonance The linearized operator for equation (SG) L := -0xx + 1 has a
spectral resonance at the bottom of the continuous spectrum

[1=1, 1el=\[?
A generic solution of the linear evolution has an asymptotic profile
u(x,t) ~ 72 (c; cos(t) + co(sin(t)))

for ¢y, ¢ € R. The solution decays, but has a slow dispersion.

10. Gomide, M. Guardia, T. M-Seara, C. Zeng (2025): On small breathers of nonlinear Klein-Gordon equations via
exponentially small homoclinic splitting. Inventiones mathematicae

2H. Segur, M. D. Kruskal. (1987) :Nonexistence of small-amplitude breather solutions in phi 4 theory. Physical
review letters
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Small Breathers Formation

The rise of small breathers is mainly linked to two phenomena

Linear Resonance The linearized operator for equation (SG) L := -0xx + 1 has a
spectral resonance at the bottom of the continuous spectrum

[1=1, 1el=\[?
A generic solution of the linear evolution has an asymptotic profile
u(x,t) ~ 72 (c; cos(t) + co(sin(t)))

for ¢y, ¢ € R. The solution decays, but has a slow dispersion.

Nonlinear Integrability Integrability structure leads the linear singular singular
dispersion to form the nonlinear breather solution, see ' and 2

10. Gomide, M. Guardia, T. M-Seara, C. Zeng (2025): On small breathers of nonlinear Klein-Gordon equations via
exponentially small homoclinic splitting. Inventiones mathematicae

2H. Segur, M. D. Kruskal. (1987) :Nonexistence of small-amplitude breather solutions in phi 4 theory. Physical
review letters
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Point Interaction Model

We consider the perturbation of (SG) proposed in 3, expressed in vectorial form for
Uy := U, Up := Ot
[I1 = Uo

Up = (U1)xx —sin(u) — gsin(u)dp =0 (SG9)

The Dirac Delta §; models a localized defect in the material centred in 0, while g € R
depicts strength and attractive/repulsive nature of the defect.

3Z. Fei, Y.S. Kivshar, L. Vazquez (1992) :Resonant kink-impurity interactions in the sine-Gordon model. Phy. Rev.
Lett. A
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Point Interaction Model

W nsider t rturbation of (E :) prOPOSEd in 3, eXpressed in vectorial form for
Uy = U, Uy := OrU m
[.I1 = Up
U = (u - SGo
{ o = (U1 )xx —sin(U) — gsin(u)dp =0 ( )

The Dirac Delta §; models a localized defect in the material centred in 0, while g € R
depicts strength and attractive/repulsive nature of the defect.

By Sobolev embedding H'(R) — C°(R) the Cauchy Problem (SGé) is globally well
posed for an initial datum (u?, ud) € H' x L2 and preserves the energy

E(u1,u2)_f(“‘)x 2 +1 = cos(u) dx + g(1 - cos(u(0))

3Z. Fei, Y.S. Kivshar, L. Vazquez (1992) :Resonant kink-impurity interactions in the sine-Gordon model. Phy. Rev.
Lett. A
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Main Result

Theorem (Asymptotic Stability of Vacuum)

Letq> 0, or-%Y2 < q < 0. Then there exists <q > 0 such that, if | (u%,u3) | ;1.2 < cq.
then for any compact K ¢ R

Jim [ (8), u2(D) <2 k) =0

where (uy, Up) is the global solution of (SGJ), with initial datum (u3, u3).
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Main Result

Theorem (Asymptotic Stability of Vacuum)

Letq> 0, or-%Y2 < q < 0. Then there exists <q > 0 such that, if | (u%,u3) | ;1.2 < cq.
then for any compact K ¢ R

Jim [ (8), u2(D) <2 k) =0

where (uy, Up) is the global solution of (SGJ), with initial datum (u3, u3).

Corallary

For g as in the Theroem, there exist no small time-periodic solution to (SGJ).
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Heuristic

The linearized operator for (SGd) Lq := —0xx + 1 + gdp is self adjoint over its natural
domain

D(Lg) = {v e H' (R) n H3 (R~ {0}) | x(0%) - w(07) = qv(0) }

and has essential spectrum oess = [1, 00).
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Heuristic

The linearized operator for (SGd) Lq := —0xx + 1 + gdp is self adjoint over its natural
domain

D(Lg) = {v e H' (R) n H3 (R~ {0}) | x(0%) - w(07) = qv(0) }

and has essential spectrum oess = [1, 00).
For g > 0 there exists no point spectrum and the resonance interaction is broken.

For -2 < q < 0, there is again no resonance interaction but the point spectrum contains
an internal mode with explicit eigenfunction

alxl
2

2
uq=1—%e(o,1), Hy:=e
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Heuristic

The linearized operator for (SGd) Lq := —0xx + 1 + gdp is self adjoint over its natural
domain

D(Lg) = {v e H' (R) n H3 (R~ {0}) | x(0%) - w(07) = qv(0) }

and has essential spectrum oess = [1, 00).

For g > 0 there exists no point spectrum and the resonance interaction is broken.

For -2 < q < 0, there is again no resonance interaction but the point spectrum contains
an internal mode with explicit eigenfunction

2 X
pa=1-TL o), Hy = e%'

In this case, asymptotic stability is recovered by the Nonlinear Fermi Golden Rule: under
proper assumption on g, the nonlinearity and has a coupling effect between the oscillating
internal mode and the dispersive component.
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Sketches of proof

The setting of the problem is in low dimension, with low power nonlinearities. Dispersive
estimates are hard to implement.

M. Kowalczyk, Y. Martel, C. Mufioz. (2017) :Nonexistence of small, odd breathers for a class of nonlinear wave
equations. Letters in Mathematical Physics
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Sketches of proof

The setting of the problem is in low dimension, with low power nonlinearities. Dispersive
estimates are hard to implement.

For a solution u, we define following # a virial funcitonal Z such that

()5 (A 8) e 9702 I (D, ()

where | - || is a proper norm in the compact K c R.
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Sketches of proof

The setting of the problem is in low dimension, with low power nonlinearities. Dispersive
estimates are hard to implement.
For a solution u, we define following # a virial funcitonal Z such that

ﬂzu 2 [(u (), w2 ()%

AORY (CH73] I

where | - || is a proper norm in the compact K c R.
Integrating the inequality we get

L7 @), we() ot s (. 8)|

H'xL2

and hence the thesis.
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equations. Letters in Mathematical Physics
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Caseg>0

Let (uq, U2) be a solution of (SGJ). For ¢p € C= n L>, with ¢’ > 0,1(0) = 0 we define

1
Zu(t) = fR (¢axu+ Ew’u) u
We can compute explicitly

ﬂI:—f(waxunglw’ug) ugff(waxu1+%w’u1)8nu1

Cdt
” 2
e 2/(4 <<)) + Tw2(0) + O(un) = Bo(w, ) + O(uy)

where

w=_u, (= \/17; O(u) < C”uf(Hiz + Uy (0)4
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Caseg>0

d 1 " "2
—EI:Bq(W, w)+O(uy), Bg(w,w) = f wf+f 3 (% - (22) )w2+gw2(0)+(’)(u1)
=V(x)

5Mm. Kowalczyk, Y. Martel, C. Mufioz. (2017) :Nonexistence of small, odd breathers for a class of nonlinear wave
equations. Letters in Mathematical Physics
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Caseg>0

d 1 " "2
—EI:Bq(W, w)+O(uy), Bg(w,w) = f wf+f 3 (% - (22) )w2+gw2(0)+(’)(u1)
=V(x)

In ® for g = 0 the auxiliary function are chosen so that V = s1zsech®(£). The linear

operator associated to the bilinear form By has well known spectrum property; specifically

1
BO(W7W)ZZIW§ for any odd w e H'
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Caseg>0

= By(w, w)+O(uy), Bg(w,w) = f w +f ( (2132)w2+gw2(0)+0(u1)
=V (o)

dt

In 8 for g = 0 the auxiliary function are chosen so that V = 2sech2( ). The linear
operator associated to the bilinear form By has well known spectrum property; specifically

1
BO(W7W)ZZIW§ for any odd w e H'

For g > 0, the additional positive term in B implies the coercivity estimate for any w ¢ H',
for X\ sufficiently large.
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Caseg>0

gf = By(w, w)+O(uy), Bg(w, w)_fw +f ( (2132)w2+gw2(0)+0(u1)
=V(x)

In 8 for g = 0 the auxiliary function are chosen so that V = 2sech2( ). The linear
operator associated to the bilinear form By has well known spectrum property; specifically

1
BO(W7W)ZZIW§ for any odd w e H'

For g > 0, the additional positive term in B implies the coercivity estimate for any w ¢ H',
for A sufficiently large. Nonlinear terms are higher order perturbations, so that in terms of

Uy

d
*EI Zg [Cun HLz + [[¢Oxuy ”L2
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Caseg>0

= By(w, w)+O(uy), Bg(w,w) = f w +f ( (2132)w2+gw2(0)+0(u1)
=V (o)

dt

In 8 for g = 0 the auxiliary function are chosen so that V = 2sech2( ). The linear
operator associated to the bilinear form By has well known spectrum property; specifically

1
BO(W7W)ZZIW§ for any odd w e H'

For g > 0, the additional positive term in B implies the coercivity estimate for any w ¢ H',
for A sufficiently large. Nonlinear terms are higher order perturbations, so that in terms of
Uy

d
*EI Zg [Cun HLz + [[¢Oxuy ”L2

which can be completed with u, to infer

L7 16w, + 1cowun 12, + 1wl dt s (R[5, o
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Case g<0

We split the solution as uy = z1 + aHg, U> = Zo + bHy, so that (21, Hg),2 = (22, Hq) 2 = 0.
The evolution equation satisfy

a=pub Z1 =22
i 3 . aBHS
b=-ub+ca’+ R4 22:,qu1,Tq+R2
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Case g<0

We split the solution as uy = z1 + aHg, Us = Zo + bHg, so that (21, Hg),2 = (22, Hq) 2 = 0.
The evolution equation satisfy

Y = 5 Z1 =2z

o'z73ﬁ5+7?,¢3 1= <2 e

B =-3/na+Rg Zp = —Lgzy —Tq+R2
for «, 8 normal forms, cubic expression of a, b.
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Case g<0

We split the solution as uy = z1 + aHg, us = Zo + bHy, so that (21, Hg) 2 = (22, Hg) 2 = 0.

The evolution equation satisfy
{a =3/ + Ra {2'1 =2
B=-3/na+Rs
for «, 8 normal forms, cubic expression of a, b.
We can repeat the virial computation as above for Z; = [ (1(21)x + 51'2)zp and infer

3
. «@ ~
Zyp=-Lqz4 - Tq +Ro

d -~
I¢wilZe + 160w I 5~ = Z + |2l + 6f°
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11/13



Case g<0

The Nonlinear Fermi Golden condition holds if there exists a g € L* such that

Lag = 94g; / H3gdx =T #0 (NLFG)
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Case g<0

The Nonlinear Fermi Golden condition holds if there exists a g € L* such that
Lag = 94g; / H3gdx =T #0 (NLFG)

We can compute the derivative of a new virial quantity

%(ﬂfozngrS\/ﬁﬁngw):—af(Lq+g#)z1gw+a2/'ngg+7~21

=7
= szr + 7%2

with [Ra| < || 212,
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Case g<0

The Nonlinear Fermi Golden condition holds if there exists a g € L* such that
Lag = 94g; / H3gdx =T #0 (NLFG)

We can compute the derivative of a new virial quantity

%(ﬂfozngrS\/ﬁﬁngw):—af(Lq+g#)z1gw+a2/'ngg+7~21

=T
— a2 2
=T+ Rg
with [Ra| < || 212,
A control over |«? allows to recover a bound over |al® + |b|® and hence

2

6 6 2 0,0
L7 18P 1600 + 121,22 iy 5 | (8 8) e
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Thank you for the attention
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[l Introduction




DE LA RIOJA

Biorthogonal and minimal systems (

Definition - Biorthogonal systems and minimal systems

A biorthogonal system of a quasi-Banach space X is a sequence of pairs (2, z};)52 ; in X x X*

such that
1

T —
g () = O = {O

otherwise.

A sequence (2,,)22 ; for which such (2%)2° ; exists is called a minimal system.
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DE LA RIOJA

Definition - Fundamental systems

A minimal system (z,,)5°; is said to be fundamental if

Biorthogonal and minimal systems (

Span(z,: n € N) =X.

Definition - Totality
A minimal system (x,,)52; is said to be total if the coordinate transform

X gl

T = (23,(2))pla

is one-to-one.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 1]25
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Markushevich bases (

Definition - Markushevich bases

A minimal system is a Markushevich basis if it is both total and complete.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 2|25



UNIVERSIDAD
DE LA RIOJA

Schauder bases (

Definition - Schauder bases

Let X be a quasi-Banach space. A sequence (x,,)22 is a Schauder basis for X if for every

element z € X there exists a unique sequence (\,,)22; such that

o0
= g I I
n=1
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DE LA RIOJA

Schauder bases (

Definition - Schauder bases

Let X be a quasi-Banach space. A sequence ()22 is a Schauder basis for X if for every

element z € X there exists a unique sequence (\,,)22; such that

o0
Ti— g AT
n=1

Every Schauder basis is also a Markushevich basis. The coordinate functionals are the maps

z (z) = T

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 3|25



Examples of Schauder bases

UNIVERSIDAD
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The trigonometric system associated with the Fourier series

(627'1-17115)%0:_0o

with the arrangement {0, 1, —1,2, =2, ... } is a Schauder basis for L, (T) whenever 1 < p < cc.
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Unconditional bases (

DE LA RIOJA

Definition - Unconditional bases

Let X be a quasi-Banach space. A sequence (z,,)22; is an unconditional basis for X if for

every element = € X there exists a unique sequence (\,,)22; such that the series

o0
E AnTn
=1L

converges to x unconditionally.
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Unconditional bases

UNIVERSIDAD
DE LA RIOJA

Definition - Unconditional bases

Let X be a quasi-Banach space. A sequence (z,,)22; is an unconditional basis for X if for
every element = € X there exists a unique sequence ()22, such that the series

o0
E AnTn
o=l

converges to 2 unconditionally.

Every unconditional basis is a Schauder basis for every ordering of N.
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Examples of unconditional bases (

The Haar system (h,, (1)) defined by ho = x[o,1) and

ha(t) = X[2iz2 221 (8) = X[z 20 (1), n€EN,

okF1 2 okF1 kT 12 ok+1

where n = 2¥ + j, os an unconditional basis of L, ([0,1)) for 1 < p < cc.
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Equivalence of bases (
DE LARIOJA

Definition - Equivalent systems

Let X and Y be quasi-Banach spaces. Two fundamental systems (z,)52; and (y,)32, of
X and Y respectively are equivalent if there exists and isomorphism T': X — Y such that

T(xy,) = yp for all n € N.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 7125
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Symmetric bases (

Definition - Symmetric bases

Let X be a quasi-Banach space. A fundamental minimal system (z,,)S2 , is symmetric if it is
equivalent to (z(n))n; for every bijection m: N — N.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 8|25



Symmetric bases

DE LA RIOJA

Definition - Symmetric bases

Let X be a quasi-Banach space. A fundamental minimal system (z,,)2%, is symmetric if it is
equivalent to (z,(n))nZ; for every bijection m: N — N.

Every Schauder symmetric basis is unconditional, but there are Banach spaces with symmetric
fundamental systems that fail to be total.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 8|25
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Examples of symmetric bases (

The unit vector system (e, )5 ; defined by

en = (616,7'7/)2(’:]_7 k E N

is a symmetric basis of ¢, for any 0 < p < oo, and of ¢g.
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DE LA RIOJA

Examples of conditional symmetric bases (

Example (Albiac, Ansorena, Blasco, Chu, Oikhberg; 2024)

Let w = (w;)32, be a weight with lim; . w; >0 and f = (a,)52;. Consider the norm

IFl = sup |3 angws]-

7 bijetive =i

The unit vector system is a symmetric conditional minimal system of the completion of the
space cqp under the norm ||-||.
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Spreading bases (

Definition - Spreading bases

Let X be a quasi-Banach space. A fundamental minimal system (z,,)52; is spreading if it is
equivalent to every subsequence.
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Subsymmetric bases (

Definition - Subsymmetric bases

Let X be a quasi-Banach space. A fundamental minimal system (z,,)$%; is subsymmetric if it
is unconditional and spreading.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 12|25
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Examples of spreading bases (

The summing basis (s,,)22; defined by

Sy, = Ch= (1 ao o 5180560 sk
j;] ( )

n times

is a spreading conditional basis of ¢.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 13|25



Looking for isometric renormings

A classical problem is to determine whether quasi-Banach spaces can be renormed so that the
above conditions hold isometrically. The standard method to address this task is:

m proving that these properties can be characterized in terms of the uniform boundedness
of suitable families of operators, and

m using that this family is a semigroup.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 14|25



B Renormings through a semigroup of operators




General framework

UNIVERSIDAD
DE LARIOJA

Let X be a quasi-Banach space. If G is a uniformly bounded semigroup of endomorphisms of
X, the map

= IFll = sup [|T(f)]]
Teg

defines an equivalent quasi-norm for X relative to which ||T'|| <1 forall T € G.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 15|25
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Projection operators (

Definition - Projections

Let (z,)22; be a fundamental minimal system and A C N. We define the projection operator
on A as

SA: X=X

e A

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 16 | 25
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Shifting operators (

Definition - Shifts

Let (2,)%2, be a fundamental minimal system and ¢: N — N an inyective map. We define
the shifting operator associated with ¢ as

TR E X

oo
T Z G ),y
=IL

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 17|25
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UNIVERSIDAD

Various known semigroups

DE LARIOJA

{S{l,...,n}: & N}
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Various known semigroups

{S{l,...,n}: n e N}

{Sa: A CN finite}
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Various known semigroups

{5{1,...,71}3 n e N}

{Sa: A CN finite}

{Tr: m: N — N biyective}
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Semigroup for subsymmetric bases

UNIVERSIDAD
DE LARIOJA

The straightforward family

{T,: ¢: N — N increasing}

does not work.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 19|25



UNIVERSIDAD
DE LARIOJA

Semigroup for subsymmetric bases (

U {T,: ¢: A — N increasing}

ACN
|A|<oo

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 19|25



And for spreading systems?

UNIVERSIDAD
DE LA RIOJA

Can we find an isometric renorming for spreading and symmetric non-Schauder fundamental
minimal systems?

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 20|25



B Renorming spreading and symmetric systems




Uniform boundedness of non-Schauder bases

UNIVERSIDAD
DE LARIOJA

If (2,,)22, is a symmetric fundamental minimal system of a quasi-Banach space, then

sup {||Z%|| : 7 bijection on N} < oo.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 21|25
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Uniform boundedness of non-Schauder bases

If (x,)5%; is a symmetric fundamental minimal system of a quasi-Banach space, then

sup {||T%|| : 7 bijection on N} < oo.

If (z,,)22, is a spreading fundamental minimal system of a quasi-Banach space, then

sup {||Ty| : ¥ : A — N increasing, A € P.o(N)} < oo.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 21|25



Renormings of symmetric fundamental system

UNIVERSIDAD
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Every symmetric fundamental minimal system admits an isometric renorming.

£l = Tsugp |7 = sup {||T%| : = bijection on N}.
e m

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 22|25



Renormings of spreading systems via spreading models(

UNIVERSIDAD
DE LA RIOJA

We have not found a suitable semigroup for renorming spreading systems

Spreading models

A sequence X = (x,,)22; in a quasi-Banach space X is said to be good if the following limit
exists

[l 2 : coo — [0, 00)

(), S (pel[lNr]I%N) Z%xw(n 5

where N = maxsupp((a,)2;) and [N]™ = {p: NN [l,N] — N: ¢ increasing} is a di-
rected set endowed with the partial order p < 4 if p(1) < 9(1).

Every good sequence is bounded and, by the Infinite Ramsey Theorem, every bounded sequence
contains a good subsequence, so |||, is a well-defined quasi-norm

A. Marcos (UR)
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Renormings of spreading systems via spreading models(wms,m

DE LA RIOJA

Spreading models

The completion of the space (cgo, ||| ») is the spreading model associated with X and will be
denoted by S[X]. The unit vector system is an isometrically spreading fundamental minimal
system of S[X].

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 23|25



Renorming spreading systems via spreading models
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Let X = (2,)22, be a spreading fundamental minimal system of a quasi-Banach space X.
There exists an equivalent quasi-norm that makes X isometrically spreading.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 24|25



Renorming spreading systems via spreading models

UNIVERSIDAD
DE LARIOJA

Let X = (2,)22, be a spreading fundamental minimal system of a quasi-Banach space X.
There exists an equivalent quasi-norm that makes X isometrically spreading.

The system X is equivalent to all of its subsequences, so we can assume that it is good. By
the uniform boundedness of the shift operators, X is equivalent to the unit vector system of
S[X]. Since this system is isometrically spreading, we are done.
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l Connections with greedy-like properties




Connections between symmetry and greedy-like
properties UNIVERSIDAD

DE LARIOJA

ap,

Theorem (Albiac, Ansorena, Blasco, Chu, Oikhberg; 2024)

Let X be a symmetric fundamental minimal system of a Banach space. The following are
equivalent.

The system X is unconditional.

The system X is bidemocratic.

The system X is unconditional for constant coefficients.
The system X is a Markushevich basis.
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Connections between symmetry and greedy-like
properties

V.3

There exists a quasi-Banach space with a symmetric almost greedy Markushevich basis that
fails to be a Schauder basis under any rearrangement.
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Connections between symmetry and greedy-like
properties

UNIVERSIDAD
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Let X be a spreading fundamental minimal system of a Banach space. The following are
equivalent.

u The system X is unconditional.
m The system X is bidemocratic.

= The system X is unconditional for constant coefficients.

A. Marcos (UR) Symmetry-type conditions on conditional bases of Banach spaces 30/05/2026 25|25
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